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ABSTRACT
Mathematical models of congestion control capture the con-
gestion indication mechanism at the router in two differ-
ent ways: rate-based models, where the queue-length at the
router does not explicitly appear in the model, and queue-
based models, where the queue length at the router is ex-
plicitly a part of the model. Even though most congestion
indication mechanisms use the queue length to compute the
packet marking or dropping probability to indicate conges-
tion, we argue that, depending upon the choice of the pa-
rameters of the AQM scheme, one would obtain a rate-based
model or a rate-and-queue-based model as the deterministic
limit of a stochastic system with a large number of users.
We also consider the impact of implementing AQM schemes
in the real queue or a virtual queue. If an AQM scheme is
implemented in a real queue, we show that, to ensure that
the queuing delays are negligible compared to RTTs, one
is forced to choose the parameters of a AQM scheme in a
manner which yields a rate-based deterministic model. On
the other hand, if the AQM scheme is implemented in a vir-
tual queue, small-queue operation is achieved independent
of the choice of the parameters, thus showing a robustness
property of virtual queue-based schemes.
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1. INTRODUCTION
Deterministic fluid-flow models have been widely used [24,

20, 4] to describe congestion control and active queue man-
agement (AQM) schemes in the Internet. These models cap-
ture the mean behavior of the congestion controlled sources.
All of these models use a packet marking (or packet drop-
ping) function to describe the fraction of packets marked (or
dropped) at a link. Depending upon the model, the mark-
ing function is either a function of the queue length [17, 15]
or a function of the instantaneous arrival rate at the router
[18, 24]. In this paper, we consider AQM schemes where the
router decides the fraction of packets to be marked based on
the occupancy level of a real or virtual queue [14]. We study
appropriate models for the deterministic marking function
based on the parameters of the virtual queue based AQM
scheme.

Judiciously designed AQM schemes can lead to small queue
lengths at the routers by providing early warning about
incipient congestion to the sources accessing the network.
Such mechanisms include RED [13], REM [3], and PI [17].
All of these mechanisms compute a marking or dropping
probability based on some function of the queue-length at
the router. In [14], the authors propose a marking scheme
based on a virtual queue which operates at a capacity slightly
smaller than that of the real queue and adds a packet when-
ever there is an arrival into the real-queue. An Adaptive
Virtual-Queue (AVQ) mechanism to drive the utilization to-
wards a given value was proposed and analyzed in [23, 22].
It has been shown that the mean behavior of congestion con-
trolled sources can be described by deterministic fluid-flow
model [29, 10, 30], which can then be used to design the
AQM parameters. However, the models in [29, 10] start by
assuming that the marking probability is a function of the
arrival rate at the link, or assume that the parameters of the
AQM scheme are chosen such that the deterministic model
explicitly includes the queue length [29, 30]. In this paper,
we derive deterministic models which may or may not con-
tain the queue length in the limit, depending upon choice of
the AQM parameters.

We start with a stochastic model of a single link accessed
by many congestion-controlled flows. We study a limit-
ing regime where the system capacity is scaled with the
number of congestion-controlled flows. Randomness in the
congestion-controlled Internet may be due to many reasons:

• unresponsive flows which do not respond to congestion
indication,
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• the probabilistic nature of packet marking by an AQM
scheme,

• asynchronous updates among sources,

• the inability to precisely model window flow control
mechanism, and

• the initial ramp-up phase (for example, slow start in
TCP flow control) of the congestion control mecha-
nism.

In addition to deriving deterministic model of the average
flow behavior under a limiting regime where the number of
sources is large, we also derive stochastic model to capture
the behavior of any individual flow. We use the stochastic
model to further study the performance of rate-based and
queue-based models of AQM schemes.

When AQM schemes are not used, the models in [2, 27,
6] capture the randomness in the Internet, by assuming
that these disturbances are independent of the arrival rate
from the TCP sources. In [30], starting with a discrete-time
stochastic model of a single link implementing RED which
is accessed by many TCP sources, the authors have derived
limiting deterministic and stochastic models of the behav-
ior of TCP flows. With a real-queue based marking, the
queue-length was shown to be O(N), where N is the num-
ber of flows in the system and the capacity of the link is
Nc. In addition to capturing the suitable limiting regimes
under different choices of AQM parameters, our objective
is to obtain models for congestion control/AQM schemes
which achieve queue lengths that are O(1), thus leading to
a negligible queuing-delays as compared to RTTs. In [28,
19, 30], continuous-time stochastic models (OU processes)
were proposed for TCP flows to capture the variance due to
probabilistic marking. These models capture the deviations
in the users’ arrival rate at times scales that are compara-
ble to the sources’ RTTs. In this paper, we also study the
queue-length dynamics at the routers at a time scale which
is of the order of the time required to process a packet at
the router.

For the purposes of this paper, we primarily study REM as
the AQM scheme at the router. As we will comment later,
the results should be applicable to a large class of queue-
length based AQM schemes such as RED and its variants.

Our main contributions are as follows.

1. Depending upon the manner in which a parameter
in REM is scaled with the number of flows, we ar-
gue that the limiting deterministic/stochastic model
of the congestion-controlled link would capture the
AQM behavior using either a rate-based or a jointly
rate-and-queue-based marking function. The choice
of the appropriate model for the marking function is
critical in designing the parameters of the congestion
control/AQM scheme.

2. We show that a virtual-queue based AQM scheme is
very robust to the choice of parameter in terms of at-
taining a low-loss, low-delay and high-utilization op-
eration. On the other hand, with real-queue based
marking, the choice of parameter is critical if we want
the queuing delay to be negligible when compared to
the propagation delay. The analytical models are also
corroborated through simulations.

The rest of the paper is structured as follows. The model
and the problem statement is provided in Section 2. In Sec-
tion 3, we discuss two different regimes of AQM parameters
and obtain the appropriate models for each of these regimes.
The discussion in this section is heuristic, and we only pro-
vide arguments to show that these limits are plausible. In a
longer version of the paper we provide formal proofs of the
limiting models. In Section 4 we discuss the equilibrium and
the stability properties of a proportionally fair controller in
the two different regimes. In Section 5, we precisely show
the assumption which leads to deterministic models of TCP
widely used in the literature and show the equilibrium val-
ues of the mean rate. In Section 6, we obtain the variance
of the arrival process in the link time-scale. In Section 7,
we validate our design and analysis with simulation results.
Finally, we provide concluding remarks in Section 8.

2. BASIC FRAMEWORK AND PROBLEM
STATEMENT

Our model is that of a single bottleneck link being ac-
cessed by many congestion controlled flows and uncontrolled
flows. We consider discrete-time rate update model for the
flows to model TCP and proportionally fair congestion con-
trollers. The rate update mechanisms are described later
in this section. The delay in the forward and the reverse
path is r/2 sec so that the round-trip propagation delay is
r sec. The number of flows in the system is N , which is
also the scaling parameter. We consider a sequence of such
systems indexed by N, where in the N th system, there are
N congestion controlled flows accessing the link. Further, in
the N th system there are N uncontrolled flows accessing the
link. The link capacity is scaled as Nc packets per second.
In this paper we consider AQM schemes which mark packets
based on the queue length of a real or a virtual queue. If the
marking is based on virtual queue, we denote the capacity
of the virtual queue in the N th system by Nc̃ = Nθc. For
modeling purposes, we assume that the marking is based on
the virtual-queue. We can recover the case with real-queue
by setting θ = 1. We consider a slotted system, where the
length of a time-slot is the time to serve one packet in the
virtual queue which is 1/(Nc̃) s. Further, we denote by

q̂(N)[k] the length of the virtual queue at the kth slot in
the N th system. The evolution of the virtual-queue can be
described by the following.

q̂(N)[k + 1] = (q̂(N)[k]− 1)+ + A(N)
c [k] +

N
X

i=1

(e
(N)
i ( 1

Nc̃
)) (1)

In the above, A
(N)
c [k] denotes the number of arrivals due

to the controlled flows in a slot and e
(N)
i (t) is a stationary

stochastic process denoting the number of arrivals due to an
uncontrolled flow in a time interval of length t sec in the
N th system. We also denote by e(N)(t), the average number
of arrivals due to the uncontrolled flows in time t sec so that

e(N)(t) =
1

N

N
X

i=1

e
(N)
i (t) .

2.1 Rate update mechanism
In the following, we assume that all the rates are measured

in packets per second. Let y
(N)
i [k] denote the flow rate of the

ith controlled flow at time slot k in the N th system. Further,

247



let x(N)[k] denote the average flow rate of the controlled
flows through the link at time k, and so

x(N)[k] =
1

N

N
X

i=1

y
(N)
i [k] .

In a window based implementation, the rate update interval
of the congestion-controlled flows is taken to be the time
between two successive ACKs, which is roughly equal to
the inverse of the equilibrium rate seen by the controlled
flow. Since Nc̃ is the capacity of the virtual queue, the rate
update interval will be approximately equal to 1/c̃. Thus

y
(N)
i [k] is updated once every N slots in the N th system.

We also introduce the variable ỹ
(N)
i,l to denote the rate of

the ith source in the N th system after the lth update and so

ỹ
(N)
i,l = y

(N)
i [Nl].

Denote by x̃
(N)
l the following quantity.

x̃
(N)
l =

1

N

N
X

i=1

ỹ
(N)
l .

Denote by M
(N)
i [N(k+1)] the number of packets of source i

marked by the link in the slot interval [Nk + 1, N(k + 1)].
Let τ denote the rate update interval of the controlled flows
so that τ = 1/c̃. Since the slot length in the N th system is
1/(Nc̃), the round trip propagation delay of the controlled
flows in the N th system is clearly Nd slots, where d = r/τ .
Note that d can also be viewed as the number of updates of
source i in a round trip time. For simplicity we will assume
that d is an even integer.

Before we introduce the congestion control models with
stochasticity due to different sources of randomness, we first
have a look at the deterministic models of congestion control
used in the literature. This will help us to understand the
quantity which in reality cannot be modeled in a determin-
istic fashion. Suppose, in the interval [Nk+1, N(k+1)], the
link marks pdet[N(k + 1)] fraction of the packets. Then, the
deterministic rate update model with a proportionally fair
controller is given by

y
(N)
i [N(k + 1)] − y

(N)
i [Nk] =

κ[w − y
(N)
i [N(k − d + 1)]pdet[N(k + 1 − d

2
)]] .

However, the quantity y
(N)
i [N(k− d+1)]pdet[N(k +1− d

2
)],

which denotes the rate at which marked packets are received,

is not deterministic. In fact, y
(N)
i [N(k − d + 1)]pdet[N(k +

1 − d
2
)] should be replaced by number of marked packets

received (which is a random variable) in the rate update
interval divided by the length of the rate update interval.

We note that the number of marked packets received by
source i in the interval [Nk + 1, N(k + 1)] (i.e., between the
kth and the (k + 1)th rate update interval) is simply the

random variable M
(N)
i [N(k + 1 − d/2)], since the one way

propagation delay is Nd/2 slots. With that in mind, we next
describe two popular congestion controllers in the following.
• Proportionally fair controller: With proportionally
fair congestion controller, the update of the ith source is
described by

y
(N)
i [N(k + 1)] − y

(N)
i [Nk] = κ(w − 1

τ
M

(N)
i [N(k + 1 − d

2
)]) ,

k = 0, 1, 2 . . . . (2)

y
(N)
i [Nk] = y

(N)
i [Nk + l]

for l ∈ {0, 1, 2, . . . N − 1} (3)

Since there are d updates in a round trip time, the marks
received between the kth and the (k + 1)th update is a frac-
tion of packets sent after the (k−d+1)th update (and before

the (k − d + 2)th update) which are τy
(N)
i [N(k − d + 1)] in

number. If we substitute

M
(N)
i [N(k+1− d

2
)] = τpdet[N(k+1− d

2
)]y

(N)
i [N(k+1−d)] ,

which is essentially replacing M
(N)
i [N(k + 1 − d

2
)] with its

mean, we get the familiar form of a proportionally fair con-

troller. However, M
(N)
i [Nk] is random and is determined by

the marking mechanism at the router, and we will discuss
a model for this in the next section. We note that, if the
updated rates become negative, the updated rates should
be projected into the positive axis. However, for the pur-
poses of the derivations in this paper, we do not show this
explicitly in the rate update of the individual flows. It was
shown in [29] for a continuous time version of the system
with unresponsive flows but without probabilistic marking
that, in a many flows regime, the average flow rate behaves
as though the non-negativity constraint is ignored. Thus, in
deriving the behavior of the average flow rate, we ignore the
non-negativity constraint.
• TCP-like or minimum potential delay controller:
We use the following model for the rate update of TCP:

y
(N)
i [N(k + 1)] − y

(N)
i [Nk] =

κ(w − 1

τ
y
(N)
i [Nk]M

(N)
i [N(k + 1 − d

2
)]) . (4)

The standard TCP is recovered with w = 1/r2. Again, if we

substitute M
(N)
i [N(k + 1 − d

2
)] with its mean so that

M
(N)
i [N(k+1− d

2
)] = τpdet[N(k+1− d

2
)]y

(N)
i [N(k+1−d)] ,

we get the rate update model for congestion avoidance phase
of TCP as proposed in [24].

2.2 Queue-based marking
In a queue-based marking mechanism, packets are marked

based on the queue length [13, 3, 17, 1, 32, 25]. The queue
length could be the length of the real queue or the length
of a virtual queue. The notion of a virtual queue was first
introduced in [14]. A packet is added to the virtual queue
whenever there is a packet arrival into the real queue, but
packets are drained from the virtual queue at a rate C̃ =
Nc̃ = Nθc (θ ≤ 1). If θ < 1, the capacity of the virtual
queue is smaller than the capacity of the real queue. Thus,
marking based on the queue length at the virtual queue
helps to detect incipient congestion. Throughout the paper,
we use q̂ to denote the length of virtual-queue, and q to
denote the length of the real-queue. We also use f(q̂) to
denote the marking profile at the link which depends on the
length of the virtual queue q̂.

As mentioned before, we will assume that marking is based
on the length of the virtual queue. We can recover the case
of marking based on the real queue by letting θ = 1. In
the case of virtual-queue-based marking, the RTT can be
well-approximated by the propagation delay since the queu-
ing delay will be negligible (we also demonstrate this later
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in our results). However, in the case of real-queue-based
marking, the RTT is the sum of the propagation delay and
the queuing delay, which is variable. Nevertheless, for our
modeling purposes, in that case, we still approximate the
RTT by a constant (equal to the sum of the propagation
delay and the equilibrium queuing delay).

In a virtual-queue based REM, a packet is marked with
probability

f(q̂) = 1 − exp(−γ(N)q̂)

when the length of the virtual queue is q̂. The critical pa-
rameter in REM is γ(N). In this paper, we consider two
regimes of parameters to study the robustness of a virtual-
queue mechanism to the choice of parameters. In the context
of REM, we consider γ(N) = γ/N and γ(N) = γ.

In addition to REM, the analysis can be applied to other
AQM schemes like RED [12]. The marking profile for RED
is given by

f(q̂) = min(1, α̂(q̂ − q̂min)+)

where, α̂ and q̂min are parameters of the marking function.
Thus, our analysis can be applied to RED with the choice
of α̂, q̂min as α̂ = α/N, q̂min = Nqmin and, α̂ = α, q̂min =
qmin.

2.3 Model for packet arrivals at the router
The queuing phenomenon at the router happens at a faster

time scale compared to the rate update mechanism at the
sources. As mentioned earlier, the sources’ rate updates oc-
cur approximately once every τ = 1/c̃ s, whereas the time
to process a packet at the router is 1/Nc s. Due to the fea-
tures of the window flow control mechanism that we have
not modeled, there can be a lot variability in the number
of packets received at the router at time scales of the order
of 1/Nc. For example, the window implementation of flow
control implies that the rate updates of the sources are not
in regular intervals (we use τ = 1/c̃ as roughly the mean
update interval at the sources). Further, the sources are not
synchronized; thus, the packets from a source can arrive at
the link at any point of time within a slot. We make the
following assumption to capture the variability of the ar-
rival rate into the router due to these additional factors not
reflected in the discrete-time rate update model.

Assumption 1. (Arrival process at the link)
If the arrival rate of the ith controlled flow is xi, the number
of packets arriving at the link over a time interval of length
1/(Nc̃) is Poisson distributed with mean xi/(Nc̃). 2

Our simulation results later in the paper support this as-
sumption. Please note that the above assumption does not
assume that the arrival rates due to the controlled flows are
Poisson. The arrival rates of the controlled flows are time-
varying quantitities and are updated once every τ time. As-
sumption 1 models the packet arrival at the link between
any two updates of the controlled flow rate.

2.4 Problem statement
We attempt to answer the following question in this paper.

• With REM as a marking mechanism, given a choice
of γ(N) which can be either γ(N) = γ/N or γ(N) = γ,
what is the suitable model for the marking function
to predict the steady state properties like mean and
variance of the arrival process into the link?

We will also provide design rules to guarantee low-loss
and low queuing-delay at the link, along with high utiliza-
tion. Specifically, we are interested in developing models to
provide guidelines to answer the following questions:

• Suppose the system capacity is fixed. How should
we choose the parameters of the marking function so
that the probability of buffer overflow is smaller than
a given target?

• Suppose the parameters of the marking function are
fixed. What should be the link capacity so that the
probability of buffer overflow is smaller than a given
target?

3. QUEUE-BASED MARKING AND SCAL-
ING REGIMES

We recall that REM [3] marks a packet with probabil-

ity (1 − exp(−γ(N)q̂)), if there are q̂ packets in the virtual

queue. The crucial parameter in REM mechanism is γ(N).
Prescriptions for the values of γ(N) are provided in [5] based
on extensive simulations. Roughly speaking, a larger value
of γ(N) leads to faster convergence of the rate-control mech-
anism, but at the cost of smaller utilization at the link. To
this end, we consider two choices for the parameter γ(N),
γ(N) = γ/N and γ(N) = γ.

We describe the stochastic models with proportionally fair
controller and TCP-like controller both.

3.1 REM with γ(N) = γ/N

Let q(N)[k] = q̂(N)[k]/N for the purpose of this subsec-

tion. We also call q(N) the normalized virtual-queue length.
With γ(N) = γ/N , in this parameter regime, the marking

probability can be expressed as a function of q(N) as follows:

p(q(N)) = 1 − exp(−γq(N)) . (5)

3.1.1 Proportionally fair controller
The number of marks received by a source between two

updates in this parameter regime depends on q(N)[k] over
a rate update interval. We show that the number of marks
received by a source in this regime can be expressed as a
function of q(N) at instants Nk (k = 1, 2, . . .) and the aver-
age flow rate of the controlled flows. To derive the marking
function, we assume that the rate-update epochs of con-
trolled flows are synchronized. Consider a time interval of
length τ (the rate update interval of the controlled flows)
over which the rates of the controlled flows do not change.
To this end, let x be the average flow rate of the controlled
flows, and let xi be the average flow rate of the ith flow into
the link in the time interval under consideration. Now, note
that the interval of length τ s has N slots. Let those slots
be indexed by m, m + 1, m + 2, . . . m + N − 1. Recall that,
by Assumption 1, the number of arrivals from the ith con-
trolled flow in a slot is Poisson(xi/(Nc̃)). Further, let q0 be

the value of q(N)[·] at the beginning of the slot under con-

sideration. In other words q(N)[m] = q0. We want to derive
the fraction of packets marked in this slot as a function of
x and q0.

In deriving the model, we assume that the number of ar-
rivals from the N uncontrolled flows in a slot is Poisson(a/c̃)
for simplicity, where a is the mean flow rate of any of the
N uncontrolled flows. This assumption can be relaxed, but
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is reasonable in the following sense. It is well-known that,
if there are N identical stationary point processes, then the
process obtained by superposing the N processes and dilat-
ing the time scale by a factor of N goes to a Poisson process
in the limit of large N [8]. Thus, the assumption that the
number of packets from the N controlled flows over a time-
interval of length 1/(Nc̃) is Poisson, is reasonable.

We are interested in obtaining the number of packets
from the ith source which are marked over the time inter-
val of length τ . The virtual queue length process evolves as
discrete-time queue with service rate one per slot and the
number of arrivals in a slot distributed as Poisson((x+a)/c̃).

Let m
(N)
i [k] denote the number of packets of source i marked

in slot k (k = m, m + 1, m + 2, . . . m + N − 1). If the
packets are marked upon arrival at the virtual-queue, then

m
(N)
i [k] is distributed as Poisson(p(q(N)[k])xi/(Nc)) which

follows from the fact that a probabilistic splitting of a Pois-
son random variable gives a Poisson random variable. Here
p(q(N)[k]) is the marking probability which in this parame-
ter regime is given by (5). We are interested in finding the

distribution of M
(N)
i =

Pm+N−1
k=m m

(N)
i [k]. Define q(N)(t) as

follows:

q(N)(t) = q(N)[bNc̃tc + m] =
q̂(N)[bNc̃tc + m]

N
. (6)

It is well known that [7], in the limit of large N , the process

q(N)(t) behaves like a deterministic process (in the interval
under consideration). Specifically, we have

lim
N→∞

q(N)(t) = q(t) u.o.c., (7)

q(t) = (q0 + t(x + a − c̃))+ (8)

In the above, the convergence is in an almost sure sense and
is uniformly over compact sets.

We now apply the Poisson limit theorem for triangular
arrays as given in [8]. Suppose we can verify the following
conditions:

lim
N→∞

m+N−1
X

k=m

Pr(m
(N)
i [k] ≥ 2) = 0 (9)

lim
N→∞

m+N−1
X

k=m

Pr(m
(N)
i [k] ≥ 1) = µ . (10)

Then, M
(N)
i converges weakly (in distribution) to Poisson(µ)

for large N [8]. Condition (9) can be easily verified. To ver-
ify (10), note the following:

lim
N→∞

m+N−1
X

k=m

Pr(m
(N)
i [k] ≥ 1)

= lim
N→∞

m+N−1
X

k=m

(1 − exp(− xi

Nc̃
p(q(N)[k])))

= lim
N→∞

N−1
X

k=0

(1 − exp(− xi

Nc̃
p(q(N)[k + m])))

= lim
N→∞

N−1
X

k=0

(
xi

Nc̃
p(q(N)[k + m]) + O

„

1

N2

«

)

= xi lim
N→∞

1

Nc̃

N−1
X

k=0

p(q(N)[k + m])

= xi lim
N→∞

1

Nc̃

N−1
X

k=0

p(q(N)

„

k

Nc̃

«

)

= xi lim
N→∞

1

Nc̃

N−1
X

k=0

p(q

„

k

Nc̃

«

)

+ xi lim
N→∞

1

Nc̃

N−1
X

k=0

[p(q(N)

„

k

Nc̃

«

) − p(q

„

k

Nc̃

«

)] .

The second term in the preceding expression goes to zero,
since q(N)(t) converges to q(t) uniformly over the interval
(0, τ) and further since the marking profile, p(·) is bounded
from above by 1. The first term in the expression converges
to an appropriate integral and so we have the following in
the limit of large N :

lim
N→∞

m+N−1
X

k=m

Pr(m
(N)
i [k] ≥ 1)

= xi

Z 1/c̃

0

p(q(s))ds

= xi

Z 1/c̃

0

p((q0 + s(x + a − c̃))+)ds

= τxipq(q0, x)

In the above,

pq(q0, x) = 1 − exp(−γq0)
exp

`

γ min
`

q0, 1 − x+a
c̃

´´

− 1

γ
`

1 − x+a
c̃

´

−
 

1 − min
`

q0, 1 − x+a
c̃

´

1 − x+a
c̃

!

(11)

We thus have

M
(N)
i ∼ τxipq(q0, x) .

Since τxi is the mean number of packets sent by source i
in the rate update interval, pq(q0, x) can be viewed as the
equivalent marking function in this parameter regime, which
is a function of the normalized virtual-queue length q(N) at
instants Nk (k = 1, 2, . . .) and the average rate x.

Remark 1. In the typical operating regime, γ is a small
number and the average rate of the controlled flows is close
to the target equilibrium value of c̃− a and so the equivalent
marking function can be approximated by

pq(q, x) ≈ 1 − exp(−γq) . (12)

Thus the marking function depends solely on the normalized
queue length at the boundaries of the rate update interval.
This modeling assumption has been widely used in the liter-
ature. 2

Having derived the behavior of the equivalent marking
function, we now derive models for the individual flow rates
and the average flow rate as N → ∞.

Since the fraction of packets marked depends on the nor-
malized virtual queue length through the values at slots Nk
for k = 1, 2, 3 . . ., the system evolution with a proportionally
fair controller can be given by the following for large N .

y
(N)
i [N(k+1)]−y

(N)
i [Nk] = κ

»

w − 1

τ
M

(N)
i [N(k + 1 − d

2
)]

–

(13)
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where

M
(N)
i [Nk] ∼

Poisson(τy
(N)
i [N(k − d

2
)]pq(q

(N)[Nk], x(N)[N(k − d
2
)])) .

We now derive models for the mean rate x(N)[Nk] and

y
(N)
i [Nk] for large N . Denote by x̃

(N)
l the process x(N)[Nl]

and by ỹ
(N)
i,l the process y

(N)
i [Nl]. These are the quantities

denoting the values after the lth update. Also, denote by

q̃
(N)
l the process q(N)[Nl]. Clearly, q̃

(N)
l denotes the value of

q(N)[k] at the boundaries of the rate-update intervals of the
sources.

Suppose x̃
(N)
l converges to x̃l for large N in an appropriate

sense. Note that, using (7)-(8), we can describe the values of

q(N)[k] at the boundaries of the rate-update intervals. Thus,

q̃
(N)
l → q̃l for large N , where

q̃(l+1) = (q̃l + τ(x
(l−

d
2
)
+ a − c̃))+ (14)

Then, we further have from (13), ỹ
(N)
i,l → ỹl for large N ,

where

ỹ(l+1) − ỹl = κ

»

w − 1

τ
M

(l+1−
d
2
)

–

(15)

where

Ml ∼ Poisson(τ ỹ
(l−

d
2
)
pq(q̃l, x̃

(l−
d
2
)
)) .

Further, since ỹ
(N)
i,l → ỹl,

x̃
(N)
l =

1

N

N
X

i=1

ỹ
(N)
i,l → E[ỹl] (16)

by the law of large numbers. Since, x̃
(N)
l → x̃l, we have

E[ỹl] = x̃l. We thus have the following limiting equation for
x̃l upon taking expectations in the update of ỹl:

x̃(l+1) − x̃l = κ

»

w − 1

τ
E[M

(l+1−
d
2
)
]

–

⇒ x̃(l+1) − x̃l = κ

»

w − x̃(l+1−d)pq(q̃
(l+1−

d
2
)
, x̃(l+1−d))

–

.

Thus, the complete set of equations describing the system
is given by the following:

ỹ(l+1) − ỹl = κ

»

w − 1

τ
M

(l+1−
d
2
)

–

(17)

Ml ∼ Poisson(τ ỹ
(l−

d
2
)
pq(q̃l, x̃

(l−
d
2
)
)) (18)

x̃(l+1) − x̃l = κ

»

w − x̃(l+1−d)pq(q̃
(l+1−

d
2
)
, x̃(l+1−d))

–

(19)

q̃(l+1) = (q̃l + τ(x
(l−

d
2
)
+ a − c̃))+ . (20)

The above equations completely characterize the individ-
ual flow behavior ỹl and also the average flow behavior
x̃l = E[ỹl] for all l. As noted before, we have ignored that
the updated rates ỹl’s are always projected into the positive
real line. However, this can be taken into account to model
the behavior of ỹl’s. It was shown in [29] for a continu-
ous time version of the system with unresponsive flows but
without probabilistic marking that, in a many flows regime,
the average flow rate behaves as though the non-negativity
constraint is ignored.
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Figure 1: Virtual queue length with marking func-
tion f(q̂) = 1 − exp(−0.0075q̂). N = 25 flows, C = 2000
packets/s, RTT = 0.1 s.

3.1.2 TCP-like controller
We now show similar models with a TCP-like controller.

The equivalent marking function, pq(q, x), as a function of
the normalized queue length at the boundaries of the rate
update interval and the average flow rate of the controlled
flows takes a similar form as in Section 3.1.1. However, the
rate update equations are different in this case. Starting
with (4) and going through similar calculations as in Sec-

tion 3.1.1, one can argue that, as N → ∞, x̃
(N)
l → x̃l,

ỹ
(N)
i,l → ỹl and q̃

(N)
l → q̃l, where

ỹ(l+1) − ỹl = κ

»

w − 1

τ
ỹ(l+1−d)M

(l+1−
d
2
)

–

(21)

Ml ∼ Poisson(τ ỹ
(l−

d
2
)
pq(q̃l, x̃

(l−
d
2
)
)) (22)

x̃(l+1) − x̃l = κ

»

w − E[ỹlỹ(l+1−d)]pq(q̃
(l+1−

d
2
)
, x̃(l+1−d))

–

(23)

q̃(l+1) = (q̃l + τ(x
(l−

d
2
)
+ a − c̃))+ . (24)

The model above is nearly identical to the one in [30] except
for the fact that we distinguish between the queue length
and number of packets in a window. This distinction is
important when using this model to predict queue lengths
accurately.

3.2 REM with γ(N) = γ

We now consider a regime when γ(N) is not scaled with the
number of flows in the system. We comment that, in [33],
equivalent marking function in a similar regime has been
obtained for a continuous time model of rate update schemes
(so that the rate updates can be descibed by differential
equations) that only takes randomness due to uncontrolled
flows into account.

First, we show some simulation results to indicate that the
virtual-queue length process fluctuates a lot in this scaling-
regime. The behavior of the virtual queue length in this
regime for a particular choice of parameters is shown in Fig-
ure 1. Note that the virtual-queue length process fluctuates
a lot and can hit zero multiple times in a slot (rate update
interval). Thus, it is reasonable to expect that the behavior
of the system cannot simply be described in terms of the
queue-length at the boundaries of the rate-update intervals.

3.2.1 Proportionally fair controller
We argue that the appropriate model for the marking

function in this parameter regime is a rate-based model and
explicitly derive the model. Our starting point is as in the
previous subsection. We assume that the rate-update epochs
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of controlled flows are synchronized. Consider a time inter-
val of length τ (the rate update interval of the controlled
flows) over which the rates of the controlled flows do not
change. Let x be the average flow rate of the controlled
flows, and let xi be the average flow rate of the ith flow in
the time interval under consideration. By Assumption 1,
the number of arrivals from the ith controlled flow in a slot
is Poisson(xi/(Nc̃)). We assume that the number of arrivals
from the N uncontrolled flows in a slot is Poisson(a/c̃).

We are interested in obtaining the number of packets from
the ith source which are marked over the time interval of
length τ . Index the slots by m, m+1, m+2 . . . m+N−1. The
virtual queue length process evolves as discrete-time queue
with service rate one per slot and the number of arrivals
in a slot distributed as Poisson((x + a)/c̃). The number of

packets of source i marked in slot k, m
(N)
i [k], is distributed

as Poisson(f(q̂(N)[k]xi/(Nc))). Here f(q̂) is the marking
probability which in in this parameter regime is given by

f(q̂) = 1 − exp(−γq̂) .

We are interested in finding the distribution of M
(N)
i =

PNc̃τ
k=1 m

(N)
i [k]. We again apply the Poisson limit theorem

for triangular arrays as given in [8]. We want to verify the
conditions given by (9)-(10). The condition given by (9) can
be easily verified. To verify (10), we proceed in a manner
similar to that in the previous subsection.

lim
N→∞

m+N−1
X

k=m

Pr(m
(N)
i [k] ≥ 1)

= lim
N→∞

m+N−1
X

k=m

(1 − exp(− xi

Nc̃
f(q̂(N)[k])))

= lim
N→∞

N−1
X

k=0

(
xi

Nc
f(q̂(N)[k + m]) + O

„

1

N2

«

)

= τxi lim
N→∞

1

N

N−1
X

k=0

f(q̂(N)[k + m])

= xiτEπ[f(q̂∞)]

The last step follows from the ergodic theorem and q̂∞ de-
notes the stationary behavior of the queue-length process
q̂(N)[·]. Thus, we conclude that the number of marks re-
ceived by the ith controlled flow, when it has a flow rate xi,
is Poisson(τxiEπ[f(q̂∞)]). Further, the expectation is with
respect to the steady-state queue-length distribution π of a
discrete time queue with Poisson arrivals in each time-unit.
It can be shown from [21] that, π has a transform domain
representation given by

Π̃(z) = Eπ[zq̂∞ ] =
exp(ρ(z − 1))(1 − ρ)(1 − z)

exp(ρ(z − 1)) − z
, (25)

where ρ = min(1, (x + a)/c̃). The above expression can be
used to compute Eπ[f(q̂∞)] for any given marking function.
In the case of REM, the equivalent marking profile p(x) is
given by

p(x) = Eπ[1 − exp(−γq̂∞)]

= 1 − exp
`

x+a
c̃

(e−γ − 1)
´ `

1 − x+a
c̃

´+
(1 − e−γ)

exp
`

x+a
c̃

(e−γ − 1)
´

− e−γ
.

We have

M
(N)
i ∼ τxip(x) ,

and hence, the equivalent marking function p(x) in this pa-
rameter regime is simply a function of the average rate.

We can again derive the limiting models for the mean rate

x(N)[Nk] and y
(N)
i [Nk] for large N in a similar vain as in

Section 3.1.1. Let x̃
(N)
l converge to the stochastic process

x̃l for large N . Then, ỹ
(N)
i,l also converges to ỹl for all i

and further E[ỹl] = x̃l by strong law of large numbers. The
behavior of the system can be described by the following:

x̃(l+1) − x̃l = κ
ˆ

w − x̃(l+1−d)p(x̃(l+1−d))
˜

(26)

ỹ(l+1) − ỹl = κ

»

w − 1

τ
Ml

–

(27)

Ml ∼ Poisson(τ ỹ(l+1−d)p(x̃(l+1−d))) (28)

The above equations can be used to completely characterize
x̃l = E[ỹl] and all the moments of ỹl for all l and also in the
steady state.

3.2.2 TCP-like controller
The equivalent marking function, p(x), as a function of the

the average flow rate of the controlled flows takes a similar

form. Again, as N → ∞, if x̃
(N)
l → x̃l, ỹ

(N)
i,l → ỹl and

q̃
(N)
l → q̃l, the following set of equations completely describe

the system:

ỹ(l+1) − ỹl = κ

»

w − 1

τ
ỹ(l+1−d)M

(l−
d
2
)

–

(29)

x̃(l+1) − x̃l = κ
ˆ

w − E[ỹlỹ(l+1−d)]p(x̃(l+1−d))
˜

(30)

4. EQUILIBRIUM AND STABILITY OF MEAN
RATE WITH PROPORTIONALLY FAIR
CONTROLLER

In this section we study the mean limiting behavior x̃l in
the two parameter regimes.

In the regime γ(N) = γ/N , recall that the difference equa-
tion describing the evolution of the mean rate is as follows:

x̃(l+1) − x̃l = κ

»

w − x̃(l+1−d)pq(q̃
(l+1−

d
2
)
, x̃(l+1−d))

–

q̃(l+1) = (q̃l + τ(x̃
(l−

d
2
)
+ a − c̃))+ .

It immediately follows that the equilibrium point (x∗, q∗) is
given by

x∗ = c̃ − a = θc − a, w = x∗p(q∗)

since pq(q̃l, c̃ − a) = p(q̃l) (in the case of REM p(q̃l) = 1 −
exp(−γq̃l)). However, the equilibrium can be reached only
if the delay-difference equation is stable. This depends on
the choice of γ. For a given value of γ, one can proceed with
the difference equation and verify the stability of a linearized
model numerically. However, to have a better insight on how
we should choose γ to ensure stability, we derive conditions
for a continuous time deterministic model to be stable. If
the step size of the discrete-time model is small, then we
can expect the conditions derived from this model to be

252



reasonably accurate. To this end, consider the system given
by

dx(t)

dt
= k[w − x(t − r)pq(q̃(t − r), x(t − r))]

dq̃(t)

dt
= (x(t) + a − θc)I(q̃(t)>0) + (x(t) + a − θc)+I(q̃(t)=0)

In the above, x(t) is a continuous time version of x̃l and k
can be viewed as k = κ/τ . We now find conditions for the
local stability of the system. Linearizing the above system
and denoting by u(t) the shifted rate (u(t) − x∗), and by
v(t) the shifted normalized virtual queue length (q̃(t) − q∗)
we get,

du(t)

dt
= −kp1(q

∗, x∗)u(t − r) − kx∗p2(q
∗)v(t − r) (31)

dv(t)

dt
= u(t) . (32)

In the above,

p1(q
∗, x∗) = 1 − exp(−γq)(1 − γx∗

2c̃
)

and p2(q
∗) = γ exp(−γq∗). We now provide condition for

the system to be stable. The outline of the derivation using
the Nyquist criterion is given in the Appendix. A simpli-
fied stability criterion can be obtained, if we also suppose
that x∗r ≥ p1(q

∗, x∗)/(γ exp(−γq∗)). This means that the
equilibrium window size is not too small. Then, the system
given by (31)-(32) is stable if the parameters satisfy

(krp1(q
∗, x∗))2 +

(kx∗p2(q
∗)r2)2

4π2
≤ 4π2 ,

and the system is unstable if

(krp1(q
∗))2 +

4(kx∗p2(q
∗)r2)2

81π2
≥ 81π2

4
.

Note that, in so far as p1(q
∗, x∗) is very small, the stability

condition is roughly equivalent to

kx∗r2γ < 4π2 . (33)

Thus, stability requires that k and γ both to be inversely
scaled with r.

We now consider the parameter regime γ(N) = γ where
the equivalent marking function is a rate based one. We
have the following difference equation for x̃l:

x̃(l+1) − x̃l = κ

»

w − x̃
(l+1−

d
2
)
p(x̃

(l+1−
d
2
))

–

. (34)

It immediately follows that the equilibrium point x∗ is given
by the solution of

w = x∗p(x∗) .

One can obtain the stability condition of the above system
numerically. However, a simplified condition for the local-
stability can be obtained from the of the corresponding con-
tinuous time version of x̃l which evolves as follows:

dx(t)

dt
= k[w − x(t − r)p(x(t − r))] .

A sufficient condition for the local stability [18] of the above
system is given by

kr(p(x∗) + x∗p
′

(x∗)) ≤ π

2
.

Further, it can be shown that, for x∗ < c̃−a, x∗p′(x∗)/p(x∗) ≤
K1 for a suitable K1 which depends on γ. Thus, a sufficient
condition for stability is krp(x∗) ≤ π/(2(1 + K1).

5. SIMPLIFICATIONS WITH TCP-LIKE CON-
TROLLER FOR CALCULATING EQUI-
LIBRIUM

In the previous section we have given models to character-
ize the the behavior of the average and the individual flow
rate. In the case of proportionally fair controller, the equi-
librium point is easy to compute from the limiting behavior
of the mean flow rate. However, in the case of TCP-like
controller the equilibrium point of the mean rate is not easy
to compute. Note that, in the regime γ(N) = γ/N the mean
rate can be described as follows:

x̃(l+1) − x̃l = κ

»

w − E[ỹlỹ(l+1−d)]pq(q̃
(l+1−

d
2
)
, x̃(l+1−d))

–

.

Clearly, calculating the equilibrium is quite complicated and
can only be done along with system of stochastic equations
describing the update of ỹl. Thus we make an additional
assumption which leads to simple difference equations de-
scribing the behavior of the mean rate. We assume ỹl and
ỹ(l+1−d) to be uncorrelated so that we can replace the term
E[ỹlỹ(l+1−d)] by x̃lx̃(l+1−d) in (23) and (30). The resulting
deterministic equations (which we describe shortly) are also
known as deterministic fluid models. Such models have been
widely used to study the equilibrium and stability proper-
ties of congestion controlled sources and have been shown
to predict the mean rate of the system very accurately [24,
17, 18, 31, 26].

In the parameter regime γ(N) = γ/N , we thus have the
following difference equation describing the mean behavior
xl if we substitute x̃lx̃(l+1−d) for E[ỹlỹ(l+1−d)] in (23):

x̃(l+1) − x̃l = κ

»

w − x̃lx̃(l+1−d)pq(q̃
(l+1−

d
2
)
, x̃(l+1−d))

–

q̃(l+1) = (q̃l + τ(x̃
(l−

d
2
)

+ a − c̃))+ .

It immediately follows that the equilibrium point (x∗, q∗) is
given by

x∗ = c̃ − a = θc − a, w = x∗2
p(q∗) .

We now consider the parameter regime γ(N) = γ. Again,
if we substitute x̃lx̃(l+1−d) for E[ỹlỹ(l+1−d)] in (30) we get
the following:

x̃(l+1) − x̃l = κ
ˆ

w − x̃lx̃(l+1−d)p(x̃(l+1−d))
˜

.

It immediately follows that the equilibrium point x∗ is given
by the solution of

w = x∗2
p(x∗) .

One can also obtain stability conditions with the equa-
tions describing the approximate behavior of the average
rate.

6. VARIANCE OF THE ARRIVAL PROCESS
IN THE LINK TIME-SCALE

In this section we find the variance of the arrival process
into the link. The variance of the arrival process into the
link depends on the time interval over which we study the
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arrival process. In the following, we obtain the variance of
the arrival process over the time required to serve b packets.
Thus we are interested in the variance over a time period
b/(Nc).

Let Tb be the time required to serve b packets. With N
flows in the system Tb = b/Nc. For the purposes of this
section, we use the term big-slot to denote an interval of
length Tb. Let Xb denote the following random variable.

Xb := Number of packet arrivals from the

controlled flows in a big-slot

It can be easily shown that [9], under Assumption 1, It thus
follows that the variance of Xb, denoted by σ2

Xb
, the variance

of Xb is given by

σ2
Xb

=
x∗b

c
+

Var(z)b2

Nc2
. (35)

In the above z = (
PN

i=1 xi/N − x∗)
√

N . Under a sta-
tionarity assumption one can compute the varaice of z [11].
However, note that the variance of the rate process at the
source time-scale plays a smaller role at the link-time scale
as the number of flows in the system increases. Thus, the
variance of the arrival process into the link over a time in-
terval Tb is given by

σ2
b = σ2

Xb
+ Nσ2

uc

`

b
Nc

´

,

where σ2
uc(b/(Nc)) denotes the variance of the number of

arrivals due to any uncontrolled flow in a time interval Tb.
The variance due to the uncontrolled flows can be greatly

simplified if the arrival process due to each uncontrolled flow

can be modeled as a stationary point-process. Let A
uc(N)
b

be the random variable denoting the total arrivals from the
uncontrolled flows in time Tb = b/(Nc). If ei(t) is the sta-
tionary point process denoting the number of arrivals from
the ith uncontrolled flow in a time interval of length t, then
we have

A
uc(N)
b =

N
X

i=1

ei

`

b
Nc

´

.

Using a result in [8], we have that the process A
uc(N)
b con-

verges weakly to Poisson(ab/c), where a is the mean rate of
any uncontrolled flow. Thus, for large N , the variance of the
arrival process into the link over a time interval Tb is given
by

σ2
b =

(x∗ + a)b

c
. (36)

Now, suppose we want to find the buffer size needed to
guarantee a certain buffer-overflow probability δ. If the
buffer size is b, one way to guarantee a very small buffer
overflow probability is to ensure that the number of arrivals
into the link over a period of time Tb is less than b with
a very high probability. Note that the round trip delay as
expressed in big-slots is m = rNc/b big-slots. Thus, we are
trying to make the queuing delay equal to 1/m fraction of
the the propagation delay and this fraction becomes very
small in a large system. A simple rule to choose the buffer

size can be Pr[Xb + A
uc(N)
b ≤ b] ≤ δ. If we further use a

Gaussian approximation for the arrival process (the uncon-
ditioned arrival process into the link), we have the following
simple rule to guarantee a buffer over-flow probability of less

than, say δ, with a buffer size of b packets:

Q

„

b−b x
∗+a

c√
σ2

X
+Nσ2

u
(b/Nc)

«

< δ .

For δ = 0.01, we simply need

b − bx∗+a
c

q

σ2
X + Nσ2

uc

`

b
Nc

´

> 2.33 .

Again, if the controlled flows are modeled as a stationary
point process, the above condition is asymptotically equiv-
alent to

b ≥ 5.43η

(1 − η)2
,

where η the target utilization of the link given by η =
(x∗ + a)/c. The value of x∗ can be obtained using the suit-
able model for marking function depending upon the AQM
parameter.

7. RESULTS AND DISCUSSION
In this section we show packet-based simulation results to

validate some of our observations and results. The purpose
of the simulations is the following. First, we demonstrate
that the utilization as predicted by the suitable models for
marking function with the different scaling of parameter is
close to that observed from the simulations. Second, we
show the accuracy of the variance of the arrival process
as predicted from our models. Third, we want to verify
that negligible queue delay can indeed be obtained using a
virtual-queue mechanism.

We simulate a single bottleneck link accessed by multiple
TCP sources (each with round-trip delay 100 ms), all of
which are in the congestion avoidance phase. Apart from
the TCP sources we also consider unresponsive flows. We
use an ON-OFF model for the uncontrolled flows [16]. The
uncontrolled flows toggle between ON and OFF state which
are exponentially distributed with mean 0.2 s. In the ON
state, an uncontrolled flow sends data at a rate ρ packets/s.
In all our simulations with various AQM schemes, we change
N , the number of TCP sources, which is also the number
of uncontrolled flows in the system. The link capacity in all
our simulations is Nc, where c = 80 packets/s. The flow
rate ρ of the uncontrolled flows in the ON state is adjusted
so that uncontrolled flows deliver a load of 25% into the link.
Every simulation result is averaged over 10 runs.

7.1 Virtual queue-based marking with REM
We compare average utilization, variance and mean queue

length with two parameter scalings of REM: γ(N) = γ/N

and γ(N) = γ. We are interested in comparing the variance
of the total arrivals over time to serve b packets in the queue.
In our simulation we choose the value of b as b = 32. The
capacity of the virtual queue is chosen as 0.85Nc so that
θ = 0.85.

In Figure 2, we compare the average utilization of the link,
the variance of the arrival process into the link over a time
to serve 32 packets and the mean queue-lengths. The pre-
dicted results (from the theory) and the simulations results
are shown. In all the cases we have chosen γ = 0.0075,
so that the plots on the left-hand panel in Figure 2 are
with marking function f(q̂) = 1 − exp(−0.0075q̂/N), and
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Figure 2: Comparison of average utilization, coefficient of variation and mean queue length with virtual queue
based REM. On the left-hand panel we show plots when γ(N) is scaled as γ(N) = γ/N , and the right-hand

panel shows plots with γ(N) = γ. In each case γ = 0.0075.

the plots on the right hand panel are with marking func-
tion f(q̂) = 1 − exp(−0.0075q̂). The value of γ satisfies the
local stability condition of the corresponding deterministic
continuous time model in all the cases. The jointly rate-and-
queue-based model or the equivalent rate based model of the
marking function as proposed can be used to calculate the
equilibrium point of the corresponding deterministic model.
Note that the utilization as predicted from the equilibrium
point is quite close to the average utilization observed in
the simulations. Thus, the rate-based marking model can
be used to accurately predict the target utilization of the
link. Note that the numerical results of coefficient of varia-
tion (from the expression in (36)) is close to that observed
from our simulations. In most cases, the standard deviation
predicted using the theory is within 10-15% of the value ob-
served from the simulations. We have also shown the mean
queue length at the real-queue. In all the cases, the real
queue length is very small. Clearly, a virtual queue based
marking can lead a low-loss, low-delay operation in two dif-
ferent regimes of parameter.

The robustness of virtual queue based REM with respect
to the scaling of γ(N) suggests that it may not be required to
know the exact number of flows through the link. However,
the utilization in the parameter regime γ(N) = γ/N is easy
to set and is equal to θ (θC is the capacity of the virtual
queue).

7.2 Real-queue based marking with REM
The performance of the system is much more sensitive to

γ(N) if real-queue-based marking is used instead of virtual-
queue-based marking. With real-queue-based marking, if
γ(N) is scaled as γ(N) = γ/N , the real queue length becomes
O(N) which can lead to huge losses and undesirable perfor-
mance deterioration. However, in a real-queue-based mark-
ing, if γ(N) = γ, we can still achieve a low-loss, low-delay
operation. Recall that the appropriate models for marking
function in these regimes are rate-based models. In Fig-
ure 3, we show the different quantities when γ(N) = 0.05.
Note that, the average utilization as predicted by the rate-
based model is quite accurate. Thus, with a real-queue
based marking the proposed equivalent rate based model
can be used to design the parameters for a desired utiliza-
tion of the link. In the case of γ(N) = γ, as expected, the
mean queue length does not grow with N .

8. CONCLUDING REMARKS
In this paper, we have provided appropriate models for

virtual-queue based marking, based on the scaling of pa-
rameters in a virtual-queue based AQM scheme. Using vir-
tual queue based REM as an illustration, we have shown
that the right kind of marking model can be rate based or
virtual-queue length based model depending on the scaling
of a certain parameter with the number of flows. Further,
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Figure 3: Comparison of average utilization, coeffi-
cient of variation, and mean queue length with real
queue-based REM with γ(N) = γ = 0.05.

depending on the model, the stability conditions can be dif-
ferent. One of the our observations is that: If a virtual-queue
based marking is used, the steady state properties like mean
and variance of the arrival process at the link is very robust
to the choice of parameter. The rate-based models quite
accurately predict the utilization of the link and thus can
be used to design the link the capacity or the parameters
of the AQM scheme. One more advantage of virtual-queue
based marking is that, if there are N flows accessing a link
of capacity Nc, a buffer size of O(1) can provide a low-loss,
low-delay operation for a given link utilization across differ-
ent parameter regimes.

Acknowledgment
Research supported in part by DARPA grant F30602-00-2-
0542 and AFOSR grant URI F49620-01-1-0365.

9. REFERENCES
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APPENDIX
Stability Condition of Virtual Queue-Based REM
with γ(N) = γ/N : We now outline the derivation of the
stability condition for the system given by (31)-(32). Note

that the system under consideration can be expressed as

du

dt
= −au(t − r) − bv(t − r) ,

dv

dt
= u(t) .

The above system is stable if the roots of

G(s) = det

»

s + a exp(−sr) b exp(−sr)
−1 s

–

= s2

„

1 +
a exp(−sr)

s
+

b exp(−sr)

s2

«

lie in the left half of the complex plane. From the Nyquist
stability criterion, it is sufficient to show that the Nyquist
plot of L(jω), where

L(s) =
a exp(−sr)

s
+

b exp(−sr)

s2

does not enclose the point (−1 + j0). Expanding L(jω), it
can be verified that a sufficient condition for this is

h(ω) =
a sin(ωr)

ω
+

b cos(ωr)

ω2
≤ 1

whenever tan(ωr) = aω
b

, ω 6= 0 . The above is a sufficient
condition for stability of the linear system under considera-
tion.

The condition can be simplified if we further assume x∗r ≥
p1(q

∗, x∗)/(γ exp(−γq∗)), or equivalently a/(br) ≤ 1.
Now suppose a/(br) < 1. It is easy to see ω satisfying (37)

is such that ωr ∈ [π, 3π/2]∪ [2π, 5π/2]∪ [3π, 7π/2] . . .. First
note that if ωr ∈ [π, 3π/2] ∪ [3π, 7π/2] ∪ [5π, 11π/2] . . ., the
values of cos(wr) and sin(ωr) are negative, and so the con-
dition h(ω) < 1 for ω satisfying (37) is trivially satisfied. It
is thus enough to consider ωr satisfying (37) in the range
{[2π, 5π/2] ∪ [4π, 9π/2] . . .} when the values of cos(wr) and
sin(ωr) are positive. Using routine trigonometric manipula-
tions, it can be shown that, under (37), h(ω) satisfies

h(ω) =

√
a2ω2 + b2

ω2
.

Since h(ω) is decreasing in ω, by considering the solution
of (37) such that ωr ∈ [2π, 5π/2], it follows that a sufficient
condition for local stability is

a2r2 +
b2r4

4π2
≤ 4π2 .

To find a sufficient condition for the instability of the lin-
earized system when a/(br) ≤ 1, note that, for ωr satisfy-
ing (37) in the range [2π, 5π/2] ∪ [4π, 9π/2],

h(ω) ≥
s

4a2r2

81π2
+

16b2r4

(81π2)2
. (37)

Thus, h(ω) > 1 if

a2r2 +
4b2r4

81π2
≥ 81π2

4
. (38)

Further, we also have ωr satisfying (37) in the range [π, 3π/2]∪
[3π, 7π/2] ∪ . . . trivially satisfies h(ω) < 1. Suppose, ω2r ∈
[2π, 5π/2], ω3r ∈ [3π, 7π/2], ω4r ∈ [4π, 9π/2], and ω5r ∈
[5π, 11π/2] satisfy (37). By our preceding argument, h(ω2) >
1, h(ω3) < 1, h(ω4) > 1 and h(ω5) < 1. It is not hard to
see that the Nyquist plot of L(jω) encircles (−1 + j0), and
hence, (39) provides a sufficient condition for instability of
the linearized system.
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