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Abstract— The Birkhoff-von Neumann (BVN) strategy for
single-stage input-queued crossbar switches does not support
multicast, as it considers only permutation-based switch con-
figurations. This paper extends the BVN strategy to multicast
switching, where an input can simultaneously transmit to mul-
tiple outputs. Knowledge of the average rates of flows is used to
compute an offline schedule. We begin by considering a system
in which the fanout of each flow is split in a predecided manner.
We call this staticsplitting (as opposed todynamicsplitting where
no such constraint is imposed), and we study the rate region of
the switch under this restriction.

We provide a graph-theoretic formulation of the rate region.
Such a formulation enables the use of results and algorithms
from graph-theory literature, in the context of switch scheduling.
Specifically, we show that the multicast rate region with no
fanout-splitting is the stable set polytope of the traffic pattern’s
“conflict graph”. This result extends to the static splitting case
as well. We construct examples to show that there is no single
dominant static splitting strategy in terms of rate region. We
show that deciding achievability of a given set of rates isNP -hard
for static and dynamic splitting. We also show that, computing
the offline schedule with static splitting reduces to fractional
weighted graph coloring, which takes polynomial time for perfect
graphs. We present several types of traffic patterns whose conflict
graphs are perfect. For the more general case of arbitrary traffic
patterns, we show that forK×N switches, whereK is a constant
with respect to N , fractional weighted coloring of the conflict
graph can be performed in time polynomial in the number of
flows.

Our study has implications for optical networks in the context
of the time-domain wavelength interleaved network (TWIN) ap-
proach that was introduced by Rosset al. Here the entire optical
network is viewed as a single switch, with buffering at the edges
and time-division multiplexing of optical circuits in the core.
This approach may obviate the need for optical packet header
recognition. Inherently, the optical domain enables inputs to
transmit to many outputs at once. The static splitting restriction
is justified from a practical perspective, as it does not require the
network to be reconfigured as often as dynamic splitting does. In
addition, it also simplifies the queue management for multicast.

We propose an online algorithm based on our conflict graph
approach. Such algorithms do require header recognition. In
optical networks, optimal algorithms based on matchings and
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extensions thereof may be incompatible with the speed require-
ments of optical switches. Thus, we envisage simplified algorithms
with reduced complexity. We simulate our algorithm along with
two other online algorithms – one based on a modification of
ESLIP, and the other on a copy-and-use-i-SLIP strategy. Using
these simulations, we demonstrate that no static splitting strategy
is dominant, even in an online setting in a bigger switch.

Index Terms— Multicast switching, rate region, fanout split-
ting, stable set polytope.

I. I NTRODUCTION

T HE problem of switch scheduling is well studied in the
literature. It is known that output queued (OQ) switches

can achieve 100% throughput for all admissible1 traffic and
can also provide quality of service (QoS) guarantees. However,
OQ switches do not scale well with the switch size as they
require a large memory bandwidth and a speedup ofN in an
N×N switch. An input-queued (IQ) switch architecture, with
virtual output queues to avoid head-of-line (HOL) blocking2,
is a scalable option, since it operates at the line rate. McKeown
et al. [6] proved that IQ switches can achieve 100% throughput
for all admissible unicast arrival patterns and gave a scheduling
algorithm known as the maximum weighted matching (MWM)
algorithm. This result implies that an IQ switch has the
same capacity region as the OQ switch. A detailed survey
of the various extensions and simplifications of the MWM
algorithm is presented in [1]. A major drawback of MWM-
based approaches is that they provably do not provide cell3

delay guarantees. There are several schemes that address this
issue. One such scheme is the Birkhoff-von Neumann switch
proposed by Changet al. [9].

The Birkhoff-von Neumann (BVN) switch provides 100%
throughput for all admissible traffic, and gives deterministic
cell delay guarantees for certain types of traffic. This switch is
based on a theorem by Birkhoff [2] and von Neumann [3] that,
any doubly stochastic matrix4 can be expressed as a convex
combination of permutation matrices. A permutation matrix
naturally corresponds to a valid unicast switch state. Therefore,
if the matrix of required rates for every input-output pair is

1Admissible means no input or output is oversubscribed
2Head-of-line blocking means a packet is blocked even when its destination

is free, because the packet at the head of its queue is blocked by a conflict
3Packets arriving at the switch are split into fixed-size units calledcells

which are reassembled into packets at the output.
4A doubly stochastic matrixis one whose row and column sums are all

equal to unity.
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Fig. 1. Switch connection states : Permutation and Direct Multicast

doubly stochastic, we can compute the convex combination,
and thereby obtain an offline schedule where a particular
permutation state is maintained in the switch for a fraction
of time equal to its coefficient in the convex combination.

Such rate decomposition based approaches for offline
scheduling have a direct impact on optical networks. For
instance, thetime-domain wavelength interleaved networkor
TWIN approach, which was proposed in [7] and [8], views the
entire network as a single switch, with buffering at the edges
and all-optical circuits in the core. Rate decomposition leads
to a virtual circuit switching solution which involves time-
division multiplexing among virtual circuits. In this work, we
extend this idea to the case of multicast flows. We take into
account, the intrinsic property of light that it can be transmitted
to multiple receivers at once, using power splitters. The impact
on optical networks is discussed further in Section I-E.

A. Different Techniques of Multicasting

A natural extension of the unicast scheduling problem is
the multicast case, where connections are no longer point-to-
point, but may have multiple destinations. Some switching
fabrics such as the crossbar and the optical switch have
intrinsic multicast capability5. It is possible to split the light
in an optical switch, and send it to multiple outputs at once.
Therefore, there are valid switch connection states other than
matchings. For instance, direct multicast is possible as shown
in Figure 1. In fact, we now have the option of breaking the
fanout(the destination set) of a multicast cell into subsets and
sending the cell to the outputs one subset at a time, across
several time-slots. This is calledfanout-splitting. Note that,
these observations are also true in the context of a TWIN-
like architecture [7], where the entire network is viewed as a
switch and scheduling is done among virtual circuits.

The question that follows naturally is – how to split the
fanout of each multicast flow? There are many options (see
Figure 2), each requiring a different queuing policy:

1) Copying: Each input maintains one virtual output
queue (VOQ) for every output. When a multicast cell
arrives at an input, it is replicated as many times as
its fanout size. One copy is added to the VOQ of each
destination. This is equivalent to splitting the multicast

5The ability to simultaneously transfer a cell to multiple outputs using
simultaneous switching paths

Fig. 2. (a)Copying: Cell sent to 3 outputs in 3 time slots (b)No-splitting:
Cell sent to all 3 outputs in same time slot (c)Partial Fanout Splitting: Cell
sent to 2 outputs in one slot, and to third output in another slot

into a collection of unicast flows. Thus, the fanout is
split completely.

2) No-splitting: A multicast cell is sent to all its destina-
tions in a single time slot. The fanout is not split at all.
Each input maintains a separate VOQ for every multicast
flow to avoid HOL blocking. The switch is assumed to
have intrinsic multicast capability.

3) Fanout-splitting: Multiple copies of the multicast cell
are generated and, in each slot, one copy is transferred
to a subset of the fanout which has not already got
the cell. The fanout is thus split partially. This can be
implemented in two ways:
Static splitting: Here, the multicast traffic pattern is
assumed to be known beforehand. For each flow, the
manner in which it will be split is decided offline, and
is kept fixed. All cells of a flow are split in the same
manner. This is like replacing the original multicast by
a set of “split flows”, for which further splitting is not
allowed. Each input must maintain a separate VOQ for
every split flow. When a multicast cell arrives at an
input, it is replicated according to the predecided policy,
and one copy is added to the VOQ of each of its split
flows.
Dynamic splitting: In dynamic splitting, the restriction
of fixing the manner in which the flow will be split is
removed. Each cell of a flow may be split in a different
way. One way of implementing this strategy is: each
input maintains a VOQ for every subset of the fanout.
When a multicast cell arrives at an input, it is transferred
to some subset of its fanout and then, re-enqued into the
VOQ corresponding to the remaining part of the fanout.

Dynamic splitting clearly subsumes the other options. It gives
better throughput than no-splitting [5]. However, this benefit
comes at a cost. Since the way flows are split is not known
beforehand, the part of the fanout that remains to be served at
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Fig. 3. The rate region of multicast flows in a2×2 switch with unicast rates
fixed as:r11 = r12 = 0.4, r21 = r22 = 0.2 (rij is the unicast from input
i to outputj; riM is the multicast from inputi to both outputs,i, j = 1, 2)

some point of time could be an arbitrary subset of the original
fanout. As a result, queue management becomes very difficult,
even if the traffic pattern is known beforehand. To prevent
HOL blocking, each input has to maintain a separate VOQ
for every possible subset of the fanout, which results in an
exponential number of queues. If we have fewer queues, we
need a non-trivial scheme for sharing them among the various
flows (see [18]). In contrast,the static splitting approach
requires a much smaller number of queues and much
simpler queue management. At each input, one VOQ for
every split flow is sufficient to prevent head-of-line blocking.

Even in an offline virtual-circuit based approach, for in-
stance in optical networks, dynamic splitting can cause prac-
tical difficulties. Since there is no restriction on how the
flows may be split, one could potentially have a large number
of ways of splitting a flow, and the offline schedule could
involve a prohibitively large number of configurations. In high-
speed optical networks, reconfiguration cannot be done very
frequently for practical reasons. This problem is taken care of,
if we restrict the ways in which a flow may be split by using
static splitting. In this sense, static splitting is more suitable
for optical networks – even though we lose some throughput,
the implementation becomes simpler.

In the light of the above discussion, we will consider
only static splitting in this work. Our goal is to characterize
the achievable rate region under the constraint of simple
implementation.

B. An Example

We present an example in a2× 2 switch, which elucidates
the effect of the fanout-splitting strategy on the rate region.
Figure 3 shows the rate region for various fanout-splitting
strategies, in terms of achievable multicast rates, for a fixed
level of unicast.

First, we describe how to compute these regions. An obvi-
ous requirement for all the cases is that all rates must be non-
negative. For the no-splitting case, when either multicast is
being served, no other flow can be served. Hence, the problem
reduces to serving the unicasts during the time that remains
after serving the multicasts, namely, a(1−r1M−r2M ) fraction
of time. Therefore, using the BVN result for unicasts ([2], [3]),

the rate region is:

r11 + r12 ≤ (1− r1M − r2M ) (1)

r21 + r22 ≤ (1− r1M − r2M ) (2)

r11 + r21 ≤ (1− r1M − r2M ) (3)

r12 + r22 ≤ (1− r1M − r2M ) (4)

The rate regions for the other static splitting strategies can be
obtained by replacing the rates in the above inequalities with
appropriately modified effective rates. For instance, if copying
is used at input 1 alone, then the effective rates become:
reff
1M = 0, reff

11 = r11 + r1M , and reff
12 = r12 + r1M , while

other rates remain the same. This is because effectively, every
multicast flow packet that arrives gets copied to the queues of
both unicasts from input 1.

To obtain the rate region for dynamic splitting, we note
first that, the following two inequalities are necessary, as they
correspond to the condition that neither input 1 nor output 1
may be over-subscribed:r11 + r12 + r1M ≤ 1 andr11 + r21 +
r1M +r2M ≤ 1. In other words,r1M ≤ 0.2 andr1M +r2M ≤
0.4. To show that these inequalities (along with non-negativity
constraints) are sufficient, we need to show that the corner
points of the polytope described by them can be achieved by
dynamic splitting. The rest of the region can then be achieved
by time-sharing. The corner points are: (0,0), (0.2,0), (0.2,0.2)
and (0,0.4). Of these, he first three can be achieved by one of
the static splitting schemes, and therefore by dynamic splitting
as well. We only need to show that (0,0.4) is achievable. It
can be verified that the following schedule achieves this point:
serve the multicast flow with no-splitting for a 0.2 fraction of
time and using copy strategy for the remaining time.

This example brings to light an interesting phenomenon. If
the unicast demands are unequal at the two inputs (as is the
case here), thenwe can do better by copyingat the input
which has less unicast traffic, than if we did not copy at
all. This is surprising at first; copying cells at the input is
usually considered wasteful, since it needs more time slots
than to directly multicast them. However, copying also gives
flexibility in the schedule. The constraint that all cells of a
flow must be sent together, is now absent. Hence we have
a tradeoff – there is no single winner between copying and
no-splitting.

In static splitting, there are several ways to split the flows.
The example shows that,among the different ways to do
static splitting, there is no single dominant strategy, in
terms of the rate region. Even if a point is within the rate
region of more than one strategy, the delay performance is
still different. The strategy in which the required rates are
closer to the edge of the rate region will, in general, lead
to larger delay. So, the exact way to do the static splitting
must be chosen with care. Note that dynamic splitting, which
subsumes all other strategies, has the largest rate region, as
expected.

C. Earlier Work

Initial work on the problem of scheduling multicast in an
IQ switch was based on the copy strategy [14] – multicast
cells were replicated at the inputs and treated as unicast cells.
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However, this approach reduces the bandwidth available to
other traffic in the switch. Besides, a memory speedup is
needed.

To circumvent these issues, the idea of using the intrinsic
multicast capability was investigated. This idea has impli-
cations not only within the switch, but also at the network
level. We will discuss the implications to optical networking
in Section I-E.

Prabhakaret al. [15] considered an IQ switch with intrinsic
multicast capability and one FIFO queue per input. The work
proposed a scheduling algorithm which allows fanout-splitting
and tries to concentrate the residue on as few inputs as
possible.

Andrews et al. [16] proved that computing the minimum
delay multicast schedule isNP -hard with and without fanout
splitting. The authors also suggested the integration of unicast
and multicast traffic in a switch,i.e., allowing unicasts to
be served at those inputs and outputs which the multicast
schedule leaves idle. This idea was also suggested in [5].

An OQ switch can sustain all admissible multicast traffic.
Interestingly, Marsanet al. [17] proved that, unlike in the
unicast case, the rate region of IQ switches for multicast is
strictly smaller than the rate region of OQ switches even with
dynamic splitting. This means, not all admissible traffic pat-
terns are sustainable in an IQ switch. The minimum speedup
necessary to obtain 100% throughput for all admissible traffic,
was shown to grow with the switch size. The paper also
defined the optimal online multicast scheduling algorithm in
terms of a linear program with a large number of constraints,
and showed that the achievable rate region is the convex hull
of modified departure vectors.

In [19], Chang et al. proposed the load balanced BVN
switch and showed that with two crossbars, it is possible to
achieve 100% throughput for all admissible multicast traffic.
The first unbuffered crossbar performs load balancing and
makes the input traffic to the second stage uniform. The second
stage is an input-queued Birkhoff-von Neumann switch that
runs a sequence of periodic connection states.

In our paper, we use the TWIN approach and view the
entire optical network as a single crossbar switch. In this
case, it is not possible to use the load-balanced BVN solu-
tion directly because for that we would need two crossbars
with buffering in between. If we view the network as two
switches, then buffering between the switches will have to
be implemented using optical buffers, which is a difficult
proposition. Alternately, it would require conversion into the
electronic domain inside the core of the network, which goes
against the argument for having a simple circuit switched all-
optical core with buffering only at the edges. In summary,
in this paper, we have considered a different problem, where
for practical reasons, using two crossbars with buffering in
between is a difficult proposition. Hence, we consider a single
crossbar switch that uses an offline virtual circuit switching
approach.

Another related work is [35]. Here, Caramaniset al. used
a graph theoretic conflict graph based approach similar to
the one we have used, for the problem of unicast switch
scheduling in a Banyan network.

D. Contributions of This Work

In this work, we address the problem of computing an
offline multicast schedule in an IQ switch, given the average
rates of the multicast flows, in a manner akin to BVN. We
consider a non-blocking switch such as the crossbar switch
in Figure 1. All earlier work focuses on the dynamic splitting
case, which results in complicated queue management. With
static splitting however, the number of VOQs at each input is
drastically reduced, as explained in Section I-A. Besides, static
splitting could help reduce the number of reconfigurations of
the switch, which is desirable if we use an optical switching
fabric. We focus on the no-splitting strategy, but our results
can be generalized to the static splitting case by applying them
to the split flows.

In summary, themain contributions of this work are to
provide answers and insight on the following questions:

1) Can we use knowledge of the traffic rate requirements
and apply a BVN-like decomposition approach to com-
pute an offline schedule for multicast flows?We propose
a graph theoretic formulation of this problem, using the
idea of a conflict graph (see Section III), and show that
computing the offline schedule, with no fanout splitting,
reduces to the fractional weighted coloring problem on a
graph. This leads to a polynomial time algorithm when
the graph is perfect.

2) Given the rates of various flows, how can we decide
whether they are within the achievable rate region?
We characterize the rate region for the no-splitting
strategy in terms of the stable set polytope of the conflict
graph, and show that deciding achievability isNP -
hard. We propose a scheme to decide achievability and
compute the offline schedule in polynomial time, when
the number of multicasts in the switch is restricted.

3) How does fanout-splitting affect the rate region?We
introduce the concept of static vs. dynamic splitting
(see Section I-A). Our rate region results for the no-
splitting case readily extend to the static splitting case,
when applied to the split flows. We show that the rate
region with dynamic splitting is the convex hull of the
rate regions of all possible static splitting strategies. We
already saw in Section I-B that among the static splitting
strategies, there is no single winner in terms of rate
region.

4) Can we design online algorithms with low complex-
ity to perform multicast scheduling?This question is
especially important when we do not have knowledge
of the average rates of flows in the switch and when
issues of speed preclude even moderate polynomial
time algorithms, such as bipartite matching or related
algorithms. We provide an online heuristic algorithm
based on our conflict graph formulation and thei-SLIP
unicast scheduling algorithm of [4].

E. Implications for Optical Networking

The contributions of this work have implications for optical
networks at two different levels – at the switch level and at
the network level.
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Fig. 4. How should a router exploit the optical switching fabric?

1) Impact at the Switch Level – Optics inside Routers:
High speed routers operate at rates in the order of several tens
of gigabits per second. One approach being studied today is
whether the use of optics inside the router will help increase
these speeds even further [28]. There are two options here. One
is the all-optical switch, with fiber delay-line buffers used to
buffer packets. The paper by McKeown [28] suggests that, for
high-speed Gb/s internet routers that do packet switching, the
all-optical approach is probably not feasible any time soon,
because of a large buffering requirement, and complicated
architecture, involving millions of gates.

The other option is to use electronic buffers with an optical
switching fabric. This would require conversion between the
electrical and optical domains. With the present state of
technology, electronic and optical domains have their own
advantages and limitations. Buffering and computation are best
done in the electronic domain using semiconductor circuits.
Optical buffers and gates currently are onerous and may
exhibit limitations. However, electronics also lead to high
power consumption and capacity constraints, as compared
to optics. In fact, the use of an optical switching fabric
will mean huge capacities and very low power consumption
in the switch (see Chapter 12 in [29] for a discussion).
Another advantage of optical switching fabric is the intrinsic
multicast capability. It is possible to send a beam of light
to multiple outputs simultaneously using an optical device
called the power splitter [32]. An attractive solution is to
exploit the strength of the two technologies. This may mean,
do the buffering in the electronic domain, and use an optical
switching fabric. Then, the intrinsic multicast capability could
actually simplify queue management at the electronic layer.
The overall idea is to make use of the capabilities of optics
to improve the switch throughput without complicating queue
management in the electronic domain. Our work assists in
this endeavor by taking into account the intrinsic multicast
capability while designing the scheduling algorithms.

2) Impact at the Network Level:In order to implement
multicast in an optical network, the network layer multicast
protocol running in the routers has to create a multicast tree.
To realize this physically, the router has one of two options, as

Fig. 5. Viewing the entire network as a crossbar switch

explained in [30] and [31] – it can implement the multicasting
in the physical layer or in the network layer.

In the physical layer, there are two approaches. The first ap-
proach, known as thetransparentapproach, involves directly
using the physical (optical) layer for multicasting using all
optical cross-connects. Advantages of the concept of light trees
in all-optical networks are discussed in [33]. Note that this
requires power splitters along with amplifiers to compensate
for the resulting losses. Reference [34] addresses the question
of which nodes in the network should be made multicast
capable in an all-optical network. The all-optical approach
is probably best suited for a circuit switching application.The
other approach, called theopaqueapproach, is to convert light
to the electronic domain, switch using a crossbar switching
fabric and finally revert to the optical domain. Here too, the
intrinsic multicast capability of the crossbar fabric can be
utilized.

To implement the multicasting in the network layer, we may
use IP layer multicasting with physical layer unicasting, which
avoids the use of the splitting ability of switches. Here the
router replicates the packets and unicasts different copies to
the destinations.

At first, it may seem that it is always better to multicast
directly in the physical layer, rather than make multiple copies
and then unicast them. However, in this work we show that if
dynamic splitting is not allowed in the switch, then there is no
clear winner between the copy strategy and the direct multicast
strategy in terms of the rate region. This fact is clearly seen
from the simple2 × 2 switch example given in Section I-B.
This effect occurs in each switch and hence, in a network of
switches, the effect will accumulate. The decision of whether
to split the flow into unicasts, and if so, whether to do it at
the ingress of the network or further downstream, is thus not
a trivial one, and deserves careful analysis.

One example of the transparent approach at the physical
layer is thetime-domain wavelength interleaved networkor
TWIN, which was proposed in [7] and [8]. The main idea in
TWIN is to have a separate wavelength for each destination,
and a simple core consisting of wavelength-selective switches
with preset configurations that route the light streams to the
correct destinations. In this case, all the complexity is shifted
to the edge of the network, where ultrafast tunable lasers are
used in the transmitters to time-share among the flows. The
switches within the network are thus simplified, without the
need for optical buffers or fast reconfiguration. Since each
transmitter can transmit only one wavelength at a time, and
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each receiver can receive only one wavelength at a time,
careful scheduling of the transmissions is required.

The ideas of our work can be applied to networks like
TWIN, to extend them to multicast flows,i.e., point to
multipoint flows. In [8], the scheduling problem is formu-
lated as an extension to the maximum matching problem
in a bipartite graph. In the case of zero propagation delay,
the problem is identical to the crossbar switch scheduling
problem. In our work too, the entire network may be viewed
as a crossbar switch (see Figure 5). However, in addition
to bipartite matchings, we also allow switch configurations
where flows may be directly multicast to several destinations.
Inherently, optical networks are suited to such direct multicast
using power splitters. In particular, the static fanout splitting
of a flow that we consider in this work, is directly applicable
to a TWIN-like setting, where the flow patterns are decided
beforehand and are kept fixed.

The rest of the paper is organized as follows. Section II
describes the BVN switch. Section III presents the conflict
graph formulation and the main result about the rate region
for multicast in an IQ switch. Section IV proves that de-
ciding achievability of a given set of rates isNP -hard with
and without fanout splitting. Offline schedule computation is
shown to be reducible to fractional weighted graph coloring,
which gives a polynomial algorithm when the conflict graph is
perfect. When the conflict graph is not perfect, a polynomial
time scheme is proposed to decide achievability and compute
the offline schedule when the number of multicast flows in
the switch is moderate. Section V contains an online heuristic
scheduling algorithm for no-splitting that combines the ideas
of i-SLIP and our conflict graph approach. We also present
simulation results comparing the no-splitting strategy with
the copy strategy. Finally, section VI gives the conclusions.
Appendix lists the definitions of all graph theoretic terms
used in this paper. The proofs of some of the theorems have
been moved to Appendix for clarity of presentation.

II. T HE BIRKHOFF-VON NEUMANN SWITCH

The Birkhoff-von Neumann (BVN) switching algorithm [9]
provides rate guarantees as well as cell delay guarantees for IQ
crossbar switches, while achieving 100% throughput. The gist
of the BVN approach is to decompose a set of demands into a
convex combination of permutation matrices, which naturally
correspond to switch configurations.

Consider anN × N IQ crossbar switch. LetR = (rij)
be the required rate matrix, whererij represents the rate from
input i to outputj. The BVN theorem ([2], [3]) states that any
N×N doubly stochastic matrix can be expressed as a convex
combination of no more than(N2 − 2N + 2) permutation
matrices. Applying this theorem to the rates, we conclude that,
if:

N∑

i=1

rij ≤ 1, ∀j = 1, . . . , N and
N∑

j=1

rij ≤ 1, ∀i = 1, . . . , N

(5)
(i.e., the rate matrix is doubly sub-stochastic), then, there
exist positive numbersφk and permutation matricesPk (k =

Fig. 6. The BVN switching algorithm

1, . . . , K, whereK ≤ N2 − 2N + 2) such that,

R ≤
K∑

k=1

φkPk,

K∑

k=1

φk = 1.

The BVN switching algorithm was proposed in [9], [10],
[11] and is shown in Figure 6. The first step is to replace
the possibly sub-stochastic rate matrix by a doubly stochastic
matrix which majorizes it. This step is quite simple and the
algorithm is given in [9]. An alternate, less complex, algorithm
is also given in [1], called theweighted rate filling algorithm.
The matrix is then decomposed into permutation matrices.
It can be shown that this problem of expressing a doubly
stochastic matrix as a convex combination of permutation
matrices, is equivalent to the problem of finding perfect match-
ings in a bipartite graph. Note that, the matching problem
is solved offline with a complexity ofO(N2.5), where N
is the switch size. Having obtained the decomposition into
permutation matrices offline, the scheduling itself may be done
online, according for instance, to an algorithm in [9] based on
Packetized Generalized Processor Sharing (PGPS) [12], [13].
This algorithm approximates the strategy of keeping the switch
in the state given byPk for a fraction of timeφk, without the
granularity problems associated with framing. Another way to
implement BVN is to randomly pick, in each time slot, one
of the Pk ’s with a probability φk. One can show that this
randomized strategy will lead to stability in the long run.

III. T HE MULTICAST RATE REGION

The aim is to find a BVN-like decomposition of the rates
into a convex combination of switch states, for the multicast
case, and to identify the set of rates for which such a
decomposition is possible. Before we get into that problem,
let us look at an interpretation of the unicast rate region using
a graph theoretic model.

A. Interpreting the Unicast Rate Region

If we view the switch as a complete bipartite graph with the
rates as the edge weights, then the unicast capacity region can
be interpreted in terms of the matching polytope6 of the graph.
This is because any point inside the polytope can be expressed

6All graph theoretic terms have been defined in the Appendix.
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Fig. 7. An example of a traffic pattern and its conflict graph

as a convex combination of matchings, which immediately
gives a schedule. The matching polytope of the complete
bipartite graph has been characterized completely ([20]). The
Birkhoff-von Neumann decomposition into permutation ma-
trices is simply the matching decomposition of the bipartite
graph. A similar approach that uses edge coloring of bipartite
graphs to find a schedule for unicast traffic in Clos network
switches is discussed in [26].

If we try to extend this model to the multicast case, it
becomes cumbersome, because the multicast flows will have to
be represented by hyperedges. However, there is another way
to represent the traffic pattern, which does not necessitate the
use of hypergraphs. This is the conflict graph representation,
which we discuss next.

B. Conflict Graph Formulation

Definition 3.1 (Flow): A flow is a 2-tuple consisting of an
input and a subset of outputs corresponding to the destination
set of the multicast.

Definition 3.2 (Conflict graph): The conflict graph for a
given traffic pattern is defined as a graphG = (V, E) where:

V = set of all flows to be served
E = {(vi, vj)| flows i, j cannot Coexist in a valid switch

configuration}
There is one vertex corresponding to each flow. An edge

connects two vertices if the corresponding flows cannot co-
exist in any valid configuration of the switch. (Note that two
flows cannot co-exist if they share an input or an output.) Such
flows are said to “conflict” with each other. The conflict graph
models the connection constraints in the switch. Figure 7
shows an example of a traffic pattern and its conflict graph.

A valid switch configuration consists of a set of flows that
can co-exist. In the conflict graph, this maps to a set of vertices
no two of which are connected - in other words astable set.
For a given set of unicast and multicast flows, the achievable
rate region is thus thestable set polytopeof the conflict graph
of the flows, because there is a one-to-one correspondence
between a time-sharing of valid switch states and a convex
combination of stable sets of the conflict graph. A convex
combination of stable sets gives a schedule where the flows
in a particular stable set are served for a fraction of time equal
to the coefficient in the combination.

C. The Main Result

The discussion above immediately leads to the following
theorem:

Theorem 1:The capacity region for the multicast case with
no fanout splitting is the stable set polytope of the conflict
graph.

This theorem can be extended to static splitting by using
the conflict graph of the split flows. The rate region is then
obtained by projecting the polytope, such that, all split flows
corresponding to the same original flow get the same rate.

Note that, while our formulation does not directly tell us
what is the optimal way to split the flows, it allows us to
compute the achievable rate region given a particular static
splitting strategy, and hence it allows to compare two different
strategies. From the example in Section I-B, it is clear that
there is no single dominant strategy. Computing the optimal
choice is still an open problem, and constitutes future work.
It is expected that the optimal choice will critically depend on
the traffic pattern and the rates.

A result similar to the theorem above was shown by [36].
In that paper, the authors consider the problem of online
scheduling of a system of queues, with constraints on which
queues may be activated simultaneously. A set of queues that
can be served simultaneously is called anactivation vector.
Knowledge of the queue sizes is used to find which set of
queues should be activated in each time slot. A maximum
weighted activation vector policy is shown to achieve all rates
within rate region, which in turn, is shown to be the convex
hull of all possible activation vectors. The multicast switch
setup that we consider also consists of a set of queues with
pairwise constraints. A valid activation vector corresponds to
a set of flows which do not conflict amongst each other,i.e.,
a set of flows that form a stable set in the conflict graph.

However, our work differs from [36] because we consider a
different problem – the problem of offline scheduling. We do
not assume knowledge of queue occupancies. Instead, we use
knowledge of average arrival rates of the flows to compute an
offline schedule in terms of the conflict graph. In Section IV,
we show that computation of an offline schedule is equivalent
to fractional weighted coloring of the conflict graph, where
the vertex weights are chosen to be the rates of the flows.

D. When is the Conflict Graph Perfect?

In general, the characterization of the stable set polytope
of a graph is not completely known. The rate region can be
explicitly described only in some special cases. One important
case is when the conflict graph isperfect. In this case,
the rate region is completely characterized by non-negativity
conditions and the clique inequalities:

∑

v∈Q

xv ≤ 1 for every cliqueQ in the conflict graph.

wherexv denotes the rate of the flow corresponding to vertex
v. In general, the clique conditions are necessary but not
sufficient. Some examples of traffic patterns that lead to perfect
conflict graphs are discussed below.
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Fig. 8. Example: The multicast from input 3 does not form a contiguous
interval in (a), but can be completed to one, without any new conflicts as in
(b). The conflict graph is thus an interval graph and is perfect.

1) Unicast: The unicast case gives rise to a conflict graph
which is theline graph of a bipartite graph. The line graph
of a bipartite graph is a well-known example of a perfect
graph (see [20]). Hence, the clique inequalities completely
characterize the stable set polytope. The cliques in the conflict
graph of a unicast traffic pattern correspond to a set of flows
that begin at the same input or flows that terminate at the same
output. The condition derived from the BVN theorem that the
rate matrix should be doubly sub-stochastic, thus gives the
same rate region as the stable set polytope of the conflict
graph. The conflict graph approach thus reduces to the BVN
approach in case of unicast.

2) 2×N Switch with Arbitrary Traffic:
Theorem 2:The conflict graph of a2×N switch with an

arbitrary traffic pattern (unicast and multicast), with no fanout
splitting, is perfect.

Proof: Consider the complement of the conflict graph.
In this graph, two vertices will have no edge between them
if and only if they cannot be simultaneously served in the
switch. The vertices of this graph can thus be partitioned into
2 stable sets, according to which input the corresponding flow
originates from, since two flows from the same input can never
be served simultaneously. This proves that the conflict graph
of any traffic pattern in a2×N switch with no fanout splitting
is the complement of a bipartite graph, which is known to be
perfect [20].

Combining with Theorem 1 we get the following corollary.
Corollary 1: The rate region of a2 × N switch for an

arbitrary traffic pattern (including unicast and multicast) with
no fanout splitting is given by the non-negativity and clique
inequalities of the conflict graph of the pattern.

3) The Interval Graph Case:Suppose unicasts are absent,
and there is one multicast flow per input. If for each multicast,
all the outputs are successive outputs (i.e., one contiguous set),
then the conflict graph is an interval graph, which is perfect.
Note that, if permuting the outputs leads to contiguous fanouts,
then also, the graph is perfect. Finding such a permutation is a
well-studied problem known as theconsecutive arrangement
problem. One can also convert a given traffic pattern into the
interval graph case by completing non-contiguous fanouts as
shown in Figure 8.

Fig. 9. Example of case where clique inequalities do not suffice to
characterize the rate region

4) Mixture of Unicast and Broadcast:In this example,
every multicast is a broadcast, that is, it has to be delivered to
all outputs. The unicast flows are present, in addition to these
broadcasts. Thus the conflict graph can be viewed to consist
of two parts - a unicast part which is basically the line graph
of a bipartite graphL, and a multicast partM , which happens
to be a clique in this case, as any broadcast flow will conflict
with any other flow. Every vertex inL is connected to every
vertex inM . One can show easily that this graph is perfect.

5) A Non-Perfect Case:Figure 9 shows an example when
the graph is not a perfect graph and the resulting stable set
polytope cannot be characterized completely by the clique
inequalities. This is the simplest example of a non-perfect
graph. Note that this traffic pattern may not occur naturally.

More generally, if both unicast and multicast flows are
present, then the conflict graph may not be perfect, except
when all the multicast flows are broadcast. This is because a
multicast may form anodd holein the conflict graph, along
with flanking unicasts. This directly breaks the perfect nature
of the graph, because of the strong perfect graph theorem [20].
One way to address this problem is to modify the traffic pattern
such that its conflict graph becomes perfect at the cost of loss
of optimality.

IV. D ECIDING ACHIEVABILITY AND COMPUTING THE

OFFLINE SCHEDULE

We prove hardness results for deciding whether a given set
of rates is within the rate region.

Lemma 1:Given a general graphG, there exists a multicast
traffic pattern in a|V (G)|× (|E(G)|+Nisolated) switch, with
G as the conflict graph corresponding to the no-splitting case,
whereNisolated is the number of isolated vertices ofG.

Proof: It is known that every graph is the intersection
graph of some family of sets. For example, for each non-
isolated vertexvi ∈ V (G), define the setSi to be the set of
edges intersectingvi. If vi is an isolated vertex, thenSi is a
singleton set with a new element. ThenG is the intersection
graph of the family of sets{S1, S2, . . . , S|V (G)|}. Now, create
a traffic pattern in a|V (G)|×(|E(G)|+Nisolated) switch such
that, there is a multicast flow from inputi, with fanout being
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the setSi. The conflict graph of this flow pattern is precisely
G, since there are no conflicts at the inputs, and sinceG is
the intersection graph of the fanout sets.

Theorem 3:The problem of deciding whether a given rate
requirement vector is achievable using the no-splitting strategy
is NP -hard.

Proof: From Lemma 1, given any graphG, there exists
a traffic pattern such thatG is the conflict graph for that
pattern. Therefore, the problem of characterizing the rate
region for a general traffic pattern is equivalent to the problem
of characterizing the stable set polytope of a general graph.

The problem of finding the maximum weighted stable set
can be viewed as the maximization of a linear function over the
stable set polytope. This implies that the problem mentioned
in this theorem is precisely the membership problem corre-
sponding to the maximum weighted stable set optimization
problem. If there is an oracle that efficiently decides whether
a given point is within a convex polytope or not, then there
is an efficient way to optimize over that polytope, since
the membership problem is at least as hard as the weak
optimization problem [22].

Thus, we essentially have a reduction from the maximum
weighted stable set problem to the problem of deciding the
achievability of a given rate vector. The maximum weighted
stable set problem is known to beNP -hard [23]. This proves
the theorem.

Next, we show that the hardness result can be extended to
the case when dynamic splitting is allowed. For details of the
proof, refer to Appendix .

Theorem 4: The problem of deciding whether a given
rate vector is within the rate region of the no-splitting case
can be reduced to an instance of the corresponding problem
in the fanout-splitting case.

Corollary 2: The problem of deciding achievability in a
multicast switch when fanout-splitting is allowed, isNP -hard.

A. Offline Schedule with Perfect Conflict Graphs

We address the problem of computing the offline schedule
by decomposing the rate requirement, in a manner similar to
the BVN algorithm. This approach gives a polynomial time
algorithm for the case of perfect conflict graphs.

Theorem 5:The problem of computing the decomposition
of the given rate requirements into switch connection states
reduces to the problem offractional weighted graph coloring7.

Proof: Consider the conflict graph. Assign to each vertex,
a weight equal to the rate requirement for the corresponding
flow (normalized to the line rates). Suppose there is an algo-
rithm to obtain the minimum fractional weighted coloring for
this graph, then such a coloring immediately gives an offline
schedule for the switch: each color (stable set) corresponds to
a valid switch connection state, and the weight of the color in
the coloring gives the fraction of time for that connection state.
Since the coloring is valid, each flow will receive at least as
large a fraction of time, as its required rate. If the fractional
weighted chromatic number (i.e., the sum of weights of all
colors) is more than 1, that means the given rate vector is

7See the Appendix for the problem statement

outside the rate region, and hence no schedule can be found.

Grötschel et al. [21] proved that the fractional weighted
coloring problem is NP-hard for general graphs, but can be
solved in polynomial time for perfect graphs.

We saw in Section III-D, several examples of traffic patterns
which give rise to perfect conflict graphs. For instance, the
unicast case leads to a perfect conflict graph, and the coloring
problem is therefore easy. In fact, weighted coloring of the
conflict graph is equivalent to edge coloring of a bipartite
multigraph. This approach to unicast scheduling has been
explored in [25].

B. TheK ×N Switch with Arbitrary Traffic

We now consider aK ×N switch with an arbitrary traffic
pattern. We show that ifK is a constant that does not
grow with N , then the offline schedule can be computed in
polynomial time with respect to the number of flows in the
switch.

Lemma 2:The vertices of the conflict graph of any traffic
pattern in aK×N switch can be partitioned intoK sets, each
of which induces a clique.

Proof: Group all vertices that correspond to flows from
the same input into one set. There areK such sets, one for
each input. No vertex (flow in the switch) can be part of more
than one such set, since each flow has a unique input. Also,
every flow must be in one of the sets. Thus, we have a partition
of the vertex set intoK cliques.

We now use this property of the conflict graph to infer that
fractional weighted coloring problem can be solved in poly-
nomial time. Note that, this means that the offline schedule
can be computed in polynomial time.

Theorem 6:The problem of computing an offline schedule
corresponding to an arbitrary traffic pattern in aK×N switch
can be solved in time that is polynomial in the number of flows
in the switch, providedK is a constant with respect toN .

Proof: It is known in graph theory literature that the
maximum weighted stable set problem can be solved in time
polynomial in the number of vertices for a(p, q)−colorable
graph (wherep andq are constants), providedq ≤ 2 [37].

From Lemma 2, the vertex set of the conflict graph for
an arbitrary traffic pattern can be partitioned intoK cliques.
Hence, the conflict graph is a(K, 0)−colorable graph, where
K is a constant with respect toN . Hence, the maximum
weighted stable set problem can be solved in time polynomial
in the number of flows in the switch.

Now, the results in [21] imply that for any collectionG of
graphs, if the weighted stable set problem for graphs inG
is polynomial-time solvable for any weight function, then the
fractional weighted coloring problem for graphs inG can also
be solved in polynomial time.

From Theorem 5, a solution of the fractional weighted
coloring problem in the conflict graph gives an offline sched-
ule. Thus, for aK × N switch, the offline schedule can be
computed in time polynomial in the number of flows in the
switch.
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C. Polynomial-time Offline Schedule with Moderate Multicast

We now present an algorithm to decide the achievability of
a given rate vector, with no fanout-splitting. Here, we do not
assume that the conflict graph is perfect. The algorithm runs
in time polynomial in the switch size (N ) if the number of
multicasts is restricted in the following way – ifk inputs in
the switch receive multicast flows, each receiving at mostm
multicast flows, then(m+1)k should be a polynomial function
of N . The algorithm naturally gives a schedule to achieve the
rates in a stable manner.

Algorithm 1:
INPUT: A rate requirement vectorro; a traffic pattern in an
N ×N switch, with all possible unicasts andk multicasting
inputs each handling up tom multicast flows.
OUTPUT: Is ro within the achievable region corresponding
to the traffic pattern, in the no-splitting case? If yes, give a
schedule to sustain the rates.

1) Let A be any subset of the multicast flows that can be
simultaneously served. LetRA be the rate region for
the traffic pattern with the condition that the multicasts
{Mi|i ∈ A} are all always being served, while the other
multicasts are always off. ComputeRA for all possible
conflict-free subsetsA of the multicast flows.

2) Verify whetherro lies in the convex hull of all theRA’s.
The answer to this question is the output.
Let Bjx ≤ cj, j = 1, 2, . . . , J be the set of convex
regions representing theRA’s. Verifying whether a point
r is in the convex hull of these regions is equivalent to
verifying whether this linear program in the variablesyj

andφj is feasible:
J∑

j=1

φj = 1; φj ≥ 0; r =
J∑

j=1

yj;

Bjyj ≤ φjcj ∀j = 1 to J. (6)
The proofs of the following lemmas and theorems are given

in Appendix .
Lemma 3:Algorithm 1 is correct,i.e., the rate region for

the given traffic pattern is precisely the convex hull of the
regions RA for all possible conflict-free subsetsA of the
multicast flows.

Lemma 4:Suppose that fanout-splitting is not allowed. The
rate region for a given traffic pattern with the condition that
all the multicast flows are simultaneously served throughout
the schedule, is given by:
Case 1:The rate region is empty if any two of the multicasts
overlap.
Case 2:If no two of the multicasts overlap, then the region
is:
∑

j

rij ≤ 1, ∀ non-multicast inputsi

∑

i

rij ≤ 1, ∀ outputsj outside any multicast’s fanout

rij = 0, if i is a multicasting input orj is within

some multicast’s fanout

rMi = 1, for all multicastsMi.

whererij is the unicast rate from inputi to outputj.

Corollary 3: For each subsetAi, there is an explicit char-
acterization ofRAi

using polynomial number of inequalities
with respect toN .

Proof: From Lemma 4, the rate region can be explicitly
specified using at most one inequality for each input, output
and multicast flow. Since the number of multicast flows
(≤ km) is polynomial in N , the number of inequalities is
polynomial inN .

Theorem 7:Consider a traffic pattern in anN ×N switch,
with k multicast inputs each withm multicasts and any num-
ber of unicasts. Suppose that fanout-splitting is not allowed.
Then Algorithm 1 is a scheme to decide whether a given rate
requirement vector is achievable or not, in time polynomial
in N if (m + 1)k is a polynomial function ofN . In this
sense, deciding achievability is fixed parameter tractable in
the number of multicasts.

Proof: By Lemma 3, Algorithm 1 is correct. We now
have to show the complexity result. The number ofRA’s is
not more than(m + 1)k, since in any conflict-free subset of
multicasts, at most one multicast flow can be picked from
each multicasting input. By Corollary 3, for each subsetAi,
there is an explicit characterization ofRAi using polynomial
number of inequalities with respect toN . Verifying whether
the given rate requirement vector is in the convex hull of
the RAi ’s is equivalent to verifying feasibility of the LP
given in equation (6). Verifying feasibility of an LP can be
done in time polynomial in the number of constraints and
variables, using the ellipsoid algorithm [24]. If(m + 1)k is a
polynomial function ofN , then the number of inequalities in
(6) is polynomial inN and the theorem follows. Hence, the
theorem follows.

V. HEURISTIC ONLINE ALGORITHMS

In the situation that the average rates of the flows are not
available, we need online algorithms with a low complexity to
perform the scheduling. Note that, even moderate polynomial
scheduling algorithms like the bipartite matching algorithm
(for unicast) cannot be implemented in an online setting in
high-speed switches.i-SLIP is a well known online unicast
scheduling algorithm proposed by McKeown in [4], to address
these issues. We propose an online algorithm for multicast,
which uses the conflict graph idea to extend thei-SLIP unicast
algorithm for multicast. This is for the case when fanout-
splitting is not allowed.

We compare it with the ESLIP algorithm, which was
suggested in [5] as an extension ofi-SLIP for multicast. We
use a modified version of ESLIP for the comparison so as to
allow multiple VOQs for multicast flows. This is for the case
when dynamic splitting is allowed.

We also include in the comparison the copying strategy,
where the fanout is split completely and the split flows are
treated as unicasts. They are then scheduled usingi-SLIP.

Using simulations, we show that there is no clear winner
between our online (clique) algorithm for no-splitting and the
i-SLIP based copying strategy. The modified ESLIP always
performs better than the other two. This is expected since
dynamic splitting subsumes the other splitting strategies. How-
ever, dynamic splitting has its own difficulties with respect to
implementation, as explained in Section I-A.
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A. Clique Algorithm

The motivation for this algorithm is the interpretation of
i-SLIP in terms of the conflict graph formulation (Section III-
B). The i-SLIP algorithm is an iterative algorithm, with each
iteration involving three steps, as described in [4]. The key
idea in our proposed algorithm is to transfer the job of
selecting grants from the outputs to cliques in an output
conflict graph8. Similarly, the job of accepting grants is now
done by each clique in the input conflict graph8. The grants
and accepts are not for inputs or outputs, but for flows. Just as
i-SLIP computes a maximal matching in the switch iteratively,
the clique algorithm computes a maximal stable set in the
conflict graph.

In this algorithm,input conflict graphis the conflict graph
obtained by considering conflicts between flows only on the
input side. Similarly,output conflict graphis the conflict graph
obtained by considering conflicts between flows only on the
output side. The algorithm is as follows:

Algorithm 2: Clique Algorithm:
INPUT: A traffic pattern in anN ×N switch, with multicasts
and unicasts, and the current state of the VOQs (empty or
occupied?).
OUTPUT: The switch connection state for the current time
slot.

1) Form the input and output conflict graphs and remove
those vertices (flows) for which there are no packets at
the head of the corresponding queue.

2) Find all maximal cliques in both the input conflict graph
and the output conflict graph

3) GRANT: For all i=1 to (number of maximal output
cliques)

a) Every output clique maintains a round robin
pointer. Output cliquei chooses that vertex (flow)
from that clique, which appears next in a round
robin schedule based on the pointer, as ini-SLIP.

b) The neighbors of the chosen flow are removed
from the output conflict graph, and the cliques are
correspondingly updated.

4) ACCEPT: For every input clique

a) Among all the grants that belong to this input
clique, that flow is accepted which appears next
on a round robin schedule, based on a pointer.

The above is one iteration of the algorithm. Successive
iterations proceed in a similar manner with flows which have
not yet been accepted. As ini-SLIP, pointers are updated
only at the end of the first iteration. The input conflict graph
consists of disjoint cliques. But this is not true of the output
side. This is why, the loop in step 2 requires that the neighbors
of the chosen vertex be removed from the output conflict
graph. This automatically implies that the order in which the
output cliques are considered will affect how the algorithm
performs. This asymmetry is avoided by allowing the loop to
start with a different clique in different cell slots, in a round
robin manner.

8The input (output) conflict graph is a conflict graph whose edges corre-
spond to conflicts only on the input (output) side.

Note that this algorithm does not split the fanout at all.
Finding all maximal cliques in the conflict graph can be done
in polynomial time when the conflict graph is perfect. Even
otherwise, it is important to note that, the cliques need to be
found only once, offline. Subsequently, in a given cell slot,
the vertices corresponding to the flows with empty queues
are simply removed from the conflict graph. The cliques in
the resulting graph can be found easily by just removing the
corresponding vertices from the cliques in the original conflict
graph.

In every time slot, information about the current state of
the VOQs (i.e., whether they are empty or occupied) needs
to be exchanged. As a result, SLIP-like algorithms may have
problems of communication overhead. However, if we choose
to change the switch configuration not after every time slot,
but instead over a frame of slots, then this overhead can be
amortized over several time slots. Thus, while the solution is
still online, it works over a large enough burst of packets at
a time, so that the communication overhead is not dominant
any more.

B. A modification of ESLIP

In this algorithm, we allow fanout-splitting as in ESLIP. The
main idea is to get as many packets across as possible within a
time slot in a greedy manner. The algorithm is closely related
to i-SLIP:

Algorithm 3: Modified ESLIP:
INPUT: The current state of the VOQs (empty or occupied?)
in an N ×N switch with unicasts and multicasts.
OUTPUT: The switch connection state for the current time
slot.

1) REQUEST: Each input sends a request to all outputs for
which it has a packet whether unicast or multicast.

2) GRANT: This is identical toi-SLIP. The output accepts
that input which appears next in the round robin sched-
ule, without consideration of whether it is a unicast or
a multicast packet.

3) ACCEPT: The list of values the input pointer can take
includes one value for each output plus one value for
each multicast flow originating at that input. Among the
outputs which have given grants, the input accepts that
one which appears next in this list. If the next in the list
is a multicast flow, the input accepts all granting outputs
which lie within the fanout of that flow.
Once the input has accepted an output, it does not
participate in future iterations. However, if the input
has chosen a multicast flow, then in future iterations,
it remains open to grants from other outputs within
the fanout of that flow. As ini-SLIP, pointers are
updated only in the first iteration, whenever any input
successfully accepts any output or set of outputs.

In terms of implementation, this algorithm involves a minor
modification ofi-SLIP. Whereas ESLIP has a separate pointer
that is used commonly for all multicast flows, in our algorithm,
there are just extra values in the list of values that the input
pointer cycles through, to indicate the multicast flows. This
algorithm works in switches where fanout-splitting is allowed.



12 IEEE JOURNAL ON SELECTED AREAS IN COMMUNICATIONS, VOL. 25, NO. 6, AUGUST 2007

It is a modification of ESLIP for the case when there are
multiple VOQs for multicast flows.

C. Numerical Illustration

The simulation results reported in this section are not
intended as an empirical evaluation of the heuristic algorithm
presented earlier, in comparison to the existing schemes.
Instead, the intention is to illustrate the fact that there is no
single dominant static splitting strategy in terms of throughput.
In Section I-B, we demonstrated this fact using examples in
a 2 × 2 switch. Now, we use the algorithms proposed above
to demonstrate a similar effect in an online setting in a bigger
switch.

Each choice of static splitting leads to a different rate region.
Consider a rate point that is within the rate region of two
different choices of static splitting. Both choices will sustain
the rate required, but the delay could be different. Since delay
generally goes up as we approach the edge of the rate region,
we expect that if we use a strategy in which the rate point is
very close to the boundary of the rate region, then we shall
incur greater delay than if we use a strategy in which the rate
point is well within. To study this effect in greater detail, we
have performed simulations of a16× 16 multicast switch.

1) Simulation Setting —16 × 16 switch: The simulations
were carried out using the SIM software [27]. Uniform i.i.d.
Bernoulli traffic was used for all flows. The traffic pattern
consisted of all possible unicasts and a set of broadcast flows,
one from each input going to all outputs. Two cases were
simulated.

Case 1:ri,j = i/320, ∀j; ri,B = 0.005α for i = 1 to 13;
r14,B = 0.018α, r15,B = 0.015α, r16,B = 0.012α (7)

whereri,j refers to the unicast rate from inputi to outputj
andri,B refers to the rate of the broadcast flow from inputi,
andα is a parameter used to control the load.

In the second case, the unicast rates are the same as the
first one. The broadcast rates are however different:

Case 2:r1,B = 0.03α, ri,B = 0.02α for i = 2 to 7,

r8,B = 0.01α, ri,B = 0.005α for i = 9 to 14,

r15,B = r16,B = 0.003α (8)

The load is increased in the following manner. The unicast
rates are kept constant, while the broadcast rates are increased
in a proportionate manner by varying the parameterα from
0 to 1. The above choice of rates is such that, whenα =
1, the rate point in case 1 is close to the boundary of the
copy strategy rate region, but well within the region of the
no-splitting strategy; and in case 2, the situation is reversed.

2) Inferences: Figure 10 shows the delay versus multi-
cast fraction plot for these two patterns respectively. Three
switching algorithms are compared — the clique algorithm,
the modified ESLIP and thei-SLIP. The clique algorithm
represents the no-splitting strategy, while thei-SLIP represents
the copy strategy9. The x-axis of the plot is the average
multicast fraction across all the inputs (i.e., the ratio of the

9When usingi-SLIP for multicast, we assume that a copy network has
performed complete fanout splitting of the multicast flows, and has fed the
multiple copies into corresponding VOQs.

Fig. 10. Delay versus multicast fraction:16×16: cases 1 and 2 respectively.
Simulation settings are given by Eqn.(7) and (8)

multicast flow rate to the total incoming rate), which is a
measure of the load. The y-axis is the delay of the packets
averaged over all the flows — unicast and multicast. In all the
three algorithms, the number of iterations is set at three.

The first pattern corresponds to a rate point which is near
the boundary of the rate region of the copy strategy, but is well
within the region of the no-fanout-splitting rate region. This is
why the delay is much less for the clique algorithm compared
to copy strategy (i-SLIP). The rate point for the second pattern
is near the edge of the no-splitting rate region, but is within
the region corresponding to complete fanout splitting (i.e.,
copying). This explains why thei-SLIP does better here in
terms of delay, than the clique algorithm.

In both the patterns, modified ESLIP performs better than
the other two algorithms. This can be attributed to the fact that
modified ESLIP allows dynamic splitting, which subsumes all
other strategies, as we saw in Section I-A

The simulation corroborates the earlier statement that
among the various static splitting strategies, there is no single
dominant strategy. It gives an example where there is no
winner between copying and no-splitting, in terms of delay.

VI. CONCLUSIONS

This paper presents a new approach to multicast switching
that makes use of prior knowledge of the traffic pattern and



SUPPLEMENT ON OPTICAL COMMUNICATIONS AND NETWORKING 13

the average rates of the flows, on the lines of the Birkhoff-von
Neumann rate-decomposition based switch for unicast. Using
a graph-theoretic formulation, we have shown that the rate
region for the no-splitting strategy is the stable set polytope
of the conflict graph. The result can also be used to obtain
the rate region for any particular choice of static splitting, by
considering split flows while forming the conflict graph.

We have also proved hardness results for deciding achiev-
ability and finding the offline schedule with static splitting.
Under a restriction on the number of multicasts, we have
provided a polynomial time algorithm for computing the
offline schedule. We have shown that the offline schedule
computation problem reduces to the fractional weighted graph
coloring problem, which implies a polynomial time algorithm
for the case of perfect conflict graphs.

We have shown through simulations that there is no single
dominant strategy among the various possible static splitting
choices, even in an online setting. Dynamic splitting subsumes
the other approaches in terms of rate region, but it has
implementation difficulties.

The results presented here have implications in the design
of optical networks, especially in the context of the TWIN
architecture based approach of [7], where the entire network
is viewed as a switch with buffering at the edges and circuit
switching in the core. The intrinsic multicast capability we
have assumed is a naturally available option in the optical
domain. Besides, the static splitting case that we study leads
to less frequent reconfiguration of the network, and is thus
more practical, especially in high-speed optical networks.

An important line of future work is to provide approxima-
tion algorithms for computing the offline schedule.

APPENDIX

Graph-Theoretic Definitions:
This appendix provides the definitions of several graph

theoretic terms used throughout this paper. These definitions
are based on [20]. Consider a graphG = (V,E), whereV is
the vertex set andE is the edge set.

Definition 1.1 (Perfect matching):A matchingonG is a set
of edges no two of which share a vertex. Aperfect matching,
is a matching that covers all the vertices in the graph.

The incidence vector of a matchingM in G, denotedχM

is a binary vector of length|E|, such that,χM (e) := 1 if edge
e ∈ M ; χM (e) := 0 if e /∈ M .

Definition 1.2 (Matching polytope):The matching poly-
tope of G is defined as:M(G) := conv{χM ∈ R|E|| M ⊆
E, M is a matching ofG}.

Definition 1.3 (Stable set):A set of vertices such that no
two vertices in the set have an edge connecting them is called
a stable set.

The incidence vector of a stable setS in G, denotedχS is
a binary vector of length|V |, such that,χS(v) := 1 if vertex
v ∈ S; χS(v) := 0 if v /∈ S.

Definition 1.4 (Stable set polytope):The stable set poly-
topeof G denoted bySTAB(G) is defined as:STAB(G) :=
conv{χS ∈ R|V ||S ⊆ V, S is a stable set ofG}.

Definition 1.5 (Clique):A clique is a set of vertices in a
graph, any two of which are adjacent to each other.

Definition 1.6 (Odd hole):A chordless cycle with an odd
number of vertices (at least 5) is called anodd hole.

Definition 1.7 (Complement of a graph):The complement
of a graphis a graph with the same vertex set, but the edges
are those that are not present inG.

Definition 1.8 (Odd antihole):The complement of an odd
hole is called anodd antihole.

Definition 1.9 (Graph coloring number):The coloring
numberof a graph is the smallest number of colors needed
so that, each vertex can be assigned a color with no adjacent
vertices receiving the same color.

Definition 1.10 (Induced subgraph):In a graph G =
(V, E), the subgraph induced by a set of verticesV ′ is the
graph that consists ofV ′ and those edges both whose ends
are inV ′.

Definition 1.11 (Perfect graph):A graph G = (V, E) is
said to beperfect if the coloring number equals the size of
the largest clique for every induced subgraph ofG.

Definition 1.12 (Intersection graph):The intersection
graph corresponding to a family of setsis a graph with one
vertex for every set, such that two vertices are connected if
the corresponding sets intersect.

Definition 1.13 (Interval graph):The intersection graph of
a set of intervals on the real line is called aninterval graph.

Definition 1.14 ((p, q)-colorable graph): A (p, q)-
colorable graph is a graph whose vertex set can be
partitioned into at mostp cliques andq stable sets.

Theorem 8 (Strong perfect graph theorem [20]):A graph
is perfect if and only if it contains no odd hole and no odd
antihole.

Definition 1.15 (Hypergraph):A generalization of a graph
in which edges may contain any number of vertices (not just
2) is called ahypergraph.

Definition 1.16 (Hyperedge):An edge of a hypergraph is
called ahyperedge. It can be any arbitrary subset of vertices.

Definition 1.17 (Fractional Weighted Coloring Problem):
The fractional weighted coloring problemis stated as follows:
Given a graphG and a weightwv ∈ R+ for each vertex,
minimize

∑k
i=1 λi (λi ∈ R+, ∀i) such that there

exist stable sets{Sj} of G with
∑k

i=1 λiχ
Si = w, where

w is the given weight vector, andχS denotes the incidence
vector of the stable setS.

Proofs:
Proof: [Proof of Theorem 4] Consider a traffic require-

mentT consisting of a set of flows and a rate vector. The aim
is to decide whether this traffic requirement is within the rate
region, with the constraint that fanout-splitting is not allowed.

Construct a new traffic requirementT ′ from the given one,
as follows. For every multicasting input, add a new output and
introduce a new unicast flow from the input to the new output.
This flow is assigned a rate such that the clique inequality
corresponding to the flows at the input becomes an equality.
In other words, the net inflow of the multicasting input adds
up to exactly 1.

Even if fanout-splitting is allowed forT ′, the fact that the
net inflow at the input is 1 implies that the fanout must never
be split during the schedule, because otherwise, not all flows
can be served fully. Any schedule forT ′ can be restricted to
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the flows inT , thus giving a schedule that servesT without
splitting the fanout.

This argument shows thatT ′ is achievable with fanout-
splitting only if T is achievable without fanout-splitting. This
proves the reduction.

Proof: [Proof of Lemma 3]
Claim 1: Any point in the convex hull is achievable.
Proof: Let x be any point in the convex hull. LetJ be the

number of conflict-free subsets of the multicast flows. Then
x =

∑J
i=1 φixi, wherexi ∈ RAi

and0 ≤ φi ≤ 1;
∑

i φi =
1. For everyi, sincexi ∈ RAi , there is an offline schedule
(a(i),S(i)) that achievesxi, where S(i) is the sequence of
switch states anda(i)

j is the fraction of time, for which the

switch should be in states(i)
j . (Note: Here, the switch state is

represented in terms of the incidence vector of the stable set
corresponding to the configuration.) Hence,

xi ≤
∑

j

a
(i)
j s(i)

j (9)

Consider the schedule:([φ1a(1);φ2a(2); . . . ; φJa(J)], [S(1);
S(2); . . . ;S(J)]), a time-shared strategy among the individual
schedules. This schedule achievesx becausex =

∑
i φixi ≤∑

i

∑
j φia

(i)
j s(i)

j , using inequality (9).

Claim 2: Any achievable point is in the convex hull.
Proof: Let x be any achievable point. Then there is a

schedule(a,S) such that

x ≤
∑

j

ajsj (10)

The idea here is to group the states in the schedule in terms
of which multicasts are being served in the states. LetAi

be the ith conflict-free subset of multicasts. LetS(i) be a
subsequence ofS consisting of states in which the multicasts
{Mj |j ∈ Ai} are all being served simultaneously. Let

φi =
∑

{j|sj∈S(i)}
aj , xi =

1
φi

∑

{j|sj∈S(i)}
ajsj

This meansxi is a convex combination of states with the
multicasts inAi always connected. In other words, this means
xi ∈ RAi . Also, substituting in inequality (10),x ≤ ∑

i φixi.
This shows thatx is in the convex hull of theRA’s.

Proof: [Proof of Lemma 4] The condition that all multi-
casts should be simultaneously served throughout the schedule
implies that, if any two multicasts overlap, the rate region will
be empty, since overlapping multicasts cannot be simultane-
ously served without fanout-splitting. Also, if the multicasts
do not overlap, they get a rate of unity.

If a unicast shares an input or output with any multicast, it
cannot be served, since the multicast is always on. The other
unicasts do not interact with the multicasts in any way, and
can therefore be viewed as a separate problem by themselves.
The rate region for the unicasts is then, the matching polytope
of the bipartite graph corresponding to unicasts that do not
conflict with any multicast. This is given by the two sets of
inequalities in the statement of this lemma (see [20]).
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