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Abstract—In a wireless network with node exclusive spectrum In a wireless network with theode-exclusivénterference
sharing, two popular schedules are maximum weight matching constraint, schedules correspond rtatchingsin the corre-
(MWM) schedule and maximum size matching (MSM) schedule.  g;,5nding communication graph. We consider a model where

The former has been proved to be throughput optimal and has . .
superior delay properties, and the latter schedules as maninks, each link could have packets to transmit. Two popular sched-

with packets to transmit, as possible. However, it is challeging ules in this context arenaximum weight matching\IWM)
to design algorithms for computing these schedules that (i) schedule andnaximum size matchinMSM) schedule. An

are distributed, (i.e, only local message exchanges betweenM\WM schedule assigns appropriate weights to the activeslink
neighboring nodes are permitted) (ii) have low running time (o |inks with packets to transmit) and schedules the set

(iii) exchanges a small number of messages. In this paper, we ' . L . .
develop algorithms that satisfy these properties and alsorpvide  ©f links maximizing the total weight. The weights could be

good approximations to MWM and MSM schedules. We also Chosen suitably to maximize the network throughput [25] or
note that constant approximation to MWM leads to improved other system objectives such as workload [24]. The MSM

delay properties. _ _ schedule can be used in various ways, eg., (i) schedule as
We refer to a round as a length of time over which every many links, with backlogged packets, as possible (i) sated

node in the network can make at most one message-transmissio . : .
attempt. We propose distributed algorithms for computing as many links as possible with more than, sky) packets

) A .
1/2 — ¢ approximation to MWM schedule in O(log(1/¢)log?n) Waiting in the buffer. We also say-approximate MWM
rounds, and (ii) 2/3 — e approximation to MSM schedule in (MSM) schedule to mean that the total weight (size) of the
O((1/e) 10g2 n) rounds, wheren is the network size. Simulation schedule is more tham fraction of the weight (size) of MWM
results with a popular model for wireless ad-hoc networks (MSM).

demonstrate that (i) our algorithms perform within 85% — 95% ; : ; ;
of the optimal in many scenarios, and (i) the time-complexyy There is a wide body of literature that provide valuable

of the algorithms can be reduced considerably in practice. iNSights on MSM and MWM schedules [2], [14], [24], [24],
The number of message transmissions for both our algorithms [25], [27], but do not focus much on efficient distributed
scale asO(nlog?n). In summary, ours is the first work to implementation of the schedules.

(i) provide half (two-third) approximate distribute algor ithms Our goal in this work is to compute MWM and MSM

for computing MWM (MSM) schedule with logarithmic time- . o . .
complexity and quasi-linear message exchanges (i) demdrate schedules using distributed algorithms that satisfy thieve

that the algorithms are close to optimal for realistic topobgies. NG desirable properties: o _
(i) Local communication: The distributed algorithm can only

. INTRODUCTION allow communication between a node and its communication
The problem of scheduling in wireless networks refers toeighbors.

selecting transmitter-receiver node pairs so as to utiie (ii) Local topological information: The nodes only know
radio resources in an efficient manner. This paper deals witteir respective neighbors and do not have global topoidgic
distributed computation of schedules in wireless networkksformation.
that can be modeled byode exclusive spectrum sharing(iii) Minimal time-complexity and minimal message trans-
Under such a spectrum sharing, schedules should satisfy thissions: An efficient distributed algorithm should compute
following: (i) a node can either be a transmitter or a receivéhe schedule very fast with minimal number of message
of data in a schedule, and (ii) a node can receive data from,tcansmissions.
transmit data to one of its neighbors. Such a spectrum sharinIn a distributed setting, computing exact schedules using
model is motivated byFrequency Hopping CDMAS8] and algorithms that satisfy the above properties is often very
Bluetooth[16] networks, and has also been considered in [§ard to achieve. Thus, a worthy goal is to devise algorithms
[14], [15], [17], [19]. Another recent area where such a modéhat satisfy the above properties and (i) provide provably
could be applicable is OFDMA based WiIMAX mesh [1]. Ingood/constant approximations to the schedules (ii) per$or
OFDMA based WiIMAX mesh networks, the frequency bandlose to optimal for realistic topologies. Developing such
is split into a number of sub-channels. Thus, two nodes thaltorithms is the goal of our paper.
can talk to each other, can still simultaneously transmit to _ |
different receivers so long as they are transmitting oredit A Prior Work
sub-channels. [23] provides a detailed discussion on géner Distributed algorithms for computing MWM was first con-
interference patterns and the computational complexities sidered in [19]. However, the algorithm could takg2 (n =
obtaining schedules, and [15] provides an extensive susmey number of nodes) iteration rounds to converge, and thus the
scheduling and rate-control in wireless networks. time-complexity of the algorithms can be large in general.



In [17], [21], the authors devised distributed schedulifg amake at most one message transmission attempt. The main
gorithms that providel00% throughput. Distributed random contributions of our work are as follows:

access based scheduling has been considered in [10]. HoweveResults for maximum weight matching (MWM) sched-

none of these algorithms guarantee a schedule that is withie: For computing MWM schedule, we have obtained the
a constant factori.g., independent of the network size) offollowing:

MWM. Thus, while some of these algorithms provitie0% « We present a distributed /2 — €)-approximate algorithm
throughput, they could potentially suffer from large delAg with a time-complexity ofO(log(1/€) log? n).

noted in [12] (the discussion is in [12] is in the context of a , gimylation experiments with a popular model for wireless
two-hop interference model, but the same logic applies here aghoc networks to demonstrate that the performance of
too), a constant approximation to MWM can provide superior  the to bes5% — 95% of the optimal for typical scenarios.

delay for some sacrifice in throughput. : . . ]
In [14], [19], the authors provide algorithms for computingaNReSUItS for maximum size matching (MSM) schedule:

maximum weiaht schedules. but the time-complexity of thave have obtained the following results for computing MSM
: 9 o plexity a schedule with maximum number of transmitting-receiving
algorithm can be polynomial in the number of nodes. In th

; L . .. .Node-pairs).

paper, we seek algorithms with time-complexity logaritbmi . _ i
in the number of nodes. Closest to our work on computing® We present a2/3 — c)-approximate algorithm with a
MWM schedules is [26], where the authors have provided dis- time-complexity ofO(1/elog” n). _
tributed algorithms for computinty 5-approximate maximum- ~ ® Simulation experiments with a popular model for wireless
weighted matching ir0(10g2 n) time-steps. We improve this adhoc networks to demonstrate that th_e performance of
to 1/2 and also demonstrate the performance to be much better the to be 95% of the optimal for typical scenarios.
for realistic topologies. In [12], the authors considetriisited Furthermore, the time-complexity can me reduced con-
algorithms for approximatingiaximum weight séor two-hop siderably in practice.
interference models in a class of graphs called non-expgndi We remark that, for our distributed computation model (see
graphs (for e.g., grid topologies are non-expanding, keeésr Section Il), to the best of our knowledge, the previously
are not). best known approximation guarantee 1ig2 for computing

Close to our work on computing approximate MSM schedSM schedules [11], [19], and/5 for computing MWM
ule is the work in [11], where the authors have provided gschedules [26]. The key novelty of our approach lies in
distributed algorithm for computing /2-approximate MSM distributed construction of certain auxiliary graphs thasist
schedules with a time-complexing/)(log2 n). In one of our in intelligent message passing among neighbors to obtain th
algorithms, we improve upon this approximation factoef@ desired schedules.
for a similar time-complexity. In [22], the authors have ted The rest of the paper is structured as follows. In Section I,
distributed maximal matching algorithm for tree networkatt we describe the model and the precise problem statement. In
achieve</3 fraction of the throughput. More recently, [5] hasSection 1V, we provide algorithms and results for computing
developed low-complexity distributed algorithms for camp MSM schedules. Section Il provides results for computing
ing maximal matching (which is a/2 approximate MSM). MWM schedules. Experimental validation of our algorithms
Computing approximate MSM has also been considered in [8fe provided in Section V. Finally, we conclude in Section VI
[9]. While these attain an approximation guarantee similar
to our algorithm, the message exchange model assumes that, !l. MODEL, ASSUMPTIONS AND NOTATIONS
in every round, a node can exchange messages allitits ~ \we consider a wireless network modeled by a grapk-
neighbors which leads 0(n? log* n) message transmissions, v, F), whereV = {1,....,n} is the set of nodes anfl =
We only allow at most one message transmission per node Pef. j): i, j e V} is the set of node-pairs that can communicate
round which leads t@)(n log® n) message exchanges for ouyith each other. We assume that nodes are symmetric so that
algorithms. if node i can talk toj, then nodej can talk to node. Let

The issue of approximate schedules has been studied in [1#],(G) be the neighbors of nodein G. We will also use the
Maximal matching schedule, which is a half approximatiofotation G(V,E,W) to mean a weighted graph with set of
of MSM, has been shown to attaB0% of the maximum weights associated with each edge.
attainable throughput [2], [14]. In fact, the results of [E2n A matchingin G is a subset of the edges (link) so that no
be used to show that, any algorithm that provides a consta@b edges in the subset share a node. A matching corresponds
factor (independent of the network size) approximation @ a valid schedule under node exclusive spectrum sharing.
MWM, is optimal in an order-wise delay sense. We also use the notation paif) to mean the node that node-

We model the network as a graph where there is an edges matched to in a matching. We say matchingto mean,
between two nodes that can talk to each other. While recent s the set of matched edges. We also denote the operation
work [18] points out the pitfalls of graph based models, muaf augmenting a matching/ along pathP by the operation
of these apply to a two-hop interference model. MAP = (M\ P)U(P\ M).

The operation of the network has two phasehedule com-
putation phase, followed bydata transmissiorphase. In the

We define time-complexity of an algorithm as number afchedule computatigohase, a schedule or a set of transmitter-
rounds required by the algorithm, where each round refaesceiver pairs is computed, and in ttata transmissiophase
to a time-interval over which every node in the network canodes transmit data using the computed schedule. Our focus

B. Main Contributions



is on the first phase,e., to obtain efficient schedules for dataAlgorithm 1 % — e Approximate Maximum Weight Matching
transmission. (Given a communication graptd(V, E, W), it computes a
We remark that the networks considered are multihop né®WM in a distributed manner)

works. Thus, at every scheduling instant, every packet én thi: Start with a maximal matching o:. Let M be the set of
node buffer has a next-hop tag. The role of the scheduling ][natgh_?d etfigesd

H i H H H H ”'falyl- i o Tor Iterationsdo
algorithm is to decide which Of the Ilr!ks (with packets I 3:  Each node broadcasts the weight of its associated matched
to be transfered along) to activate simultaneously. ed

o ; ) ge.
~ Distributed Computation Model: We assume that time 4 Each node calculates the gain frofnaugmentationpaths
is slotted and synchronized in the entire network. Synchro-  along its adjacent unmatched edges. Every node marks the
nization can be achieved using the protocol in [4]. In each ~ neighbors that have a positive galliraugmentationpath.
slot/round every node can transmit at most one “small” size et M be the matched nodes that have positive gkin
. augmentationpaths through them, and léf’ be such un-

message. The message sent by a node is¢hedule compu- matched nodes.
tation phase can either be a broadcast message intended #r The nodesM’ and U’ run Modified Approximate MWM
all its neighbors, or it can be a unicast message intended for as given by Procedure 2. LeP be the set of dis-

only one of its neighbors. We assume that each node is aware joint 1-augmentationpaths returned by the procedukéod-

of its neighbors in the communication graph. ified ApproximateMWM. {this is obtained by running ap-
As described in [19], communications required for the re- FXOX'mTe maximum weight matching on the auxiliary graph
! MU’

alization of the computation model can be implemented using: 37 — M A P.
control framesof at mostn control mini-slots in which each 7: end for

node is assigned a unique control mini-slot. This comporati

model has been also assumed in [11], [19], [26] implicitly

or explicitly. Note that, the communications in tisehedule ,nmatched edge (b) matched and unmatched edges alternate
computationphase (as described in [19]) do not have @ the path, and (c) if the unmatched and the matched edges
satisfy the interference constraints imposed in schedséel U 5, swapped (using the operatidd « MAP), the total

in the data transmissiorphase. Basically, every data packefyejght of the matching increases. JAaugmentatiorpath can
transmitted in thedata transmissionphase is tagged with gitner have two. or one. or zero matched edges. Thus

a next-hop destination, whereas, a message transmitted, iy mentationpaths can be of one of the following form:
the schedule computatiophase could be useful for all the(i) either (vi,vs,vs,v4) for v; € V, where (v1,v2) and

neighbors of the transmitting node. _ (vs,v4) are matched edge$y,,vs) is an unmatched edge,
We point out that the transmitted messages indtieedule (i) (v1,v2,v3), Where (v, v2) is @ matched edgesy is
computatiorphase are of small sizes. As it will be clear fromy, ‘ynmatched node, or (i1, v2), Where (vy,v,) is an
our algorithms, this is indeed the case. The transmitted Megmatched edge and both andv’g are unmatched nodes. Let
sages simply requir®(log A) bits for a graph of maximum 7., pe the set of matched edges il -@ugmentatiomath P,

degreeA, and typicallyA is not very large in practice. and letf» be the only unmatched edge i We also define
We define thdime-complexityf an algorithm as the numberyp,e gain of al-augmentatiorpath as follows:

of rounds required by the algorithm for computing a schedule

We also usewith high probability (v.h.p) to mean “with gain(l-augmentationpath P) = weight( fp) — Z weighte)
probability at leastl — 1/n° for somec > 0.” ceMp

We now describe the algorithm and also give the insight

Hl. DISTRIBUTED COMPUTATION OF MWM SCHEDULE  poning it. We will introduce some notations that help in

We now present a distributed algorithm for computindescribing the algorithms. Lef/’ (resp. U’) be the set
MWM schedules. The choice of weight is an interestingf matched (resp. unmatched) nodes with positive diin
question [24], [25]. For e.g., the weight could be the numbaugmentatiorpaths going through them, and let gair) be
of packets waiting to transmitted along the edge. We assuthe node thatn € V' is matched to. Clearly)!’, U’, pair(m)
that (i) every node has the knowledge of the weights of athay vary over the course of the algorithm. The algorithm
its adjacent edges, and (ii) the weights are pojyguantities. has two stages that are repeatédog(1/¢) times for some
For e.g., if the weights are the number of packets waitimpnstantC' > 0: the first stage consists of forming a certain
to be transfered along an edge and this quantity is cleaduxiliary graph, and the second stage consists of adapting a
constrained by the buffer sizes at the nodes; in fact, thghtgi known max-weight matching algorithm to the auxiliary graph
are more likely to beD(1) quantities in this case. The two stages are as follows:

The main novelty in the algorithm is to generate certain 1. Forming Auxiliary Subgraph: The first stage (step 3 to
auxiliary graphs using local message exchanges, and usstep 4 of Algorithm 1) involves forming a weighted auxiliary
the auxiliary graphs to improve the weight of an existingraph in a distribut manner. The auxiliary graptw; v, has
matching. Our algorithm involves finding matching in thestvo kinds of nodes: nodes formed by collapsing every matched
auxiliary graphs. While any distributed algorithm can bedis pair (m, pairim)), m € M’ (denoted by colln)) and every
for this, we adapt an algorithm in [26] for this purpose. node inU’. There is an edge between two nodesAiR ¢/

We define the notion af-augmentatiopaths in a weighted if the nodes share d-augmentationpath, and the weight
graphG(V, E, W) with matchingM. A 1-augmentatiompath of the edge is the gain of the correspondirgugmentation
P is a path of length at most three, that has (a) only omath. Distributed construction of,; ;v goes as follows. First,
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Fig. 1. (a) A graph G with certain matched edges and the edge-weighisthe corresponding auxiliary graph and thains of the edges
in the auxiliary graph(c) augmentation along a disjoint set bfaugmentatiorpaths.

Procedure 2 Modified ApproximateMWM : Modified 1- of 1-augmentatiorpaths in the original graph corresponds to
Approximate Maximum Weight Matching (Givesiy; v, this  a matching in the auxiliary graph as illustrated in Figure)l (
outputs a set of disjoint-augmentatiorpaths with total gain We capture this fact in the form of the following lemma.
from the 1-augmentatiorpaths within1/5 of the maximum  Lemma 3.1:Any matching in A, ;- corresponds to a

(over all disjoint sets ofl-augmentatiorpaths) gain.) disjoint set ofl-augmentatiorpaths in the graple: and vice-
1: for (logn) iterationsdo versa.
2: Eachnoden € M’ transmits to paifm) the maximum gain 2. Approximate matching in the auxiliary graph: The
of its 1-augmentatiorpaths. second stage (step 5 to step 6 of Algorithm 1) involves apply-

3:  Each nodem € M’ broadcasts the maximum gain of the : : ; : :
1-augmentatiorpaths ofm and paitm). ing any approximate maximum weight matching algorithms

4 Each nodew € U’ broadcasts the maximum of its- (O the auxiliary graphd,, v. We adapt thel-Approximate
augmentatiorpaths. Everyu € M’ U U’ computesgm..(uv) Maximum Weight Matching algorithm in [26] to the auxiliary
as the maximum gain of all-augmentationpaths of its graph A, y-. The matching is obtained (step 5 of Algo-

_ 2e|ghbors. ho s § d by the nodes inZ’ UL such th rithm 1) by Procedure 2 which essentially mimics the effdct o
: neri]gek\:\é)grrﬁgod sef ocf)rg:g no)(/zhgir(]3 gc/)/ iisglivenuby such e finding matching inAx,p» by treating the node-pairs in/"
as a single-node. Since this obtains an approximate maximum
N,(G") ={w e M"UU" : 3 1-augmentatiorpath through weight (where weights are the gains of the corresponding
augmentatiorpaths) matching of the auxiliary graph, -,

we have the following after combining with Lemma 3.1.

6:  Run Maximal Matching (Appendix VII-C) on the auxiliary ~Lemma 3.2:Procedure 2 results in finding a disjoint set of
graphA’ obtained by collapsing the matched edge&ih Let 1-augmentatiomaths in the original graph such that total gain

E" be the set of matched edges returned by the matching in weight of the matching due to thedeaugmentatiorpaths

each such edge corresponds td-augmentatiorpath. {this s g |ess thari /5 of the maximum gain possible.
procedure can be performed in a distributed manner as edtlin The current matching is then auamented alona these disioint
in Lemma 3.3; also note thd" consists of unmatched edges 9 9 9 ]

in the 1-augmentatiorpathg 1l-augmentatiorpaths (step 6 of Algorithm 1).
7: Do the following updates: Clearly, by repeating the first two stages, we keep augment-
M’ — M\ {v: Fw such that(v, w) € E"or(w,v) € E"} ing high gainl-augmentatiopaths, and hence we move closer

to a 1/2-approximate maximum weight matching.
U' « U\ {v : 3w such that(v,w) € E"or(w,v) € E"}.

w andv with gain at Ieastg"%w(v)} .

. . : : A. Main Result
{this amounts to next iteration being performed only by the
remaining nodes in/’ andU’} Theorem 1:If we setk = Clog(1/¢) for some constant

8: end for . . C > 0, then, Algorithm 1 produces &% — ¢)-approximate
9: return (the set of all 1-augmentationpaths corresponding to paximum Weight Matching inO(log(1/e) log2 n) rounds
matchings inA’) wh.p
Before we prove the result, we will first argue the correct-
ness of Step-6 of Procedure 2.

) ) Lemma 3.3:In Procedure 2, step-6 can be performed in
each node computes the gains of all fhaugmentatiopaths 5 gistributed manner i (log ) rounds using our computa-
going through it. To do this gain computation in a distrililte;j;nal model described in Section II.

manner, note that it is sufficient for every matched node .t gee Appendix VII-B.
broadcast the weight of its matched edge (this is easy toysee by, prove the correctness of our algorithm, we will use the
considering the different structures ofleaugmentatiompath). ¢o)15ing lemma which follows from a result in [20]. Let
Next, the negative gaii-augmentationpaths are removedw M) denote the total weight of matching’
from consideration by the nodes. Since we have a distribute emma 3.4: [20] For any matching) 'there exists a
algor|thm, we mimic the functl_onlng Of. the aUX|I|§1ry grap b collection of vertex-disjoinfl-augmentatiorpaths such that
making the matched node-pairs function as a single node (see 5 1
Procedure 2 for details). An illustration of this is shown in

. X . . M A A)>wM)+ = (zw(MWM) —w(M)) .
Figure 1 (b). The important point to note is that, a disjoigit s wl ) 2 w(M) + 3(2w( ) —w(M))




Proof of Theorem 1: Lemma 4.2: [26] In any graph, the Algorithm provided in
Let P, be the collection of augmentations chosen in th&ppendix VII-C [11], [26] computes a maximal matching in
it" iteration and letM; be the corresponding matching afteO(logn) roundsw.h.p. O
augmenting along the paths . Let P* be the disjoint set Remark 1: At the end of the maximal matching algorithm
of 1-augmentatiopaths that give maximum possible gain. Bysee Appendix VII-C), every matched pair has a left-right
Lemma 3.4, orientation.
9 1 We will give an overview of our algorithm for computing
gain(P*) > §(§w(M*) —w(M;)) . 2/3 approximation to MSM schedule. The algorithm runs in
) . two phases. The first phase involves computing a maximal
Also, by Lemma 3.2, we have gdif;) > (1/5)gain(P*). We  matching in a distributed manner using the algorithm in
thus have Appendix VII-C [11], [26]. In the second phase, the algo-
. 2 1 . rithm essentially tries to get rid of as ma@yaugmentation
gain(F;) = 1_5(§w(M ) — w(My)) paths as possible in a distributed manner and with only one

Letting Y; be the weight of the matching aftéiterations the tra?rs]m:c_ss[[onhper node per :r?utn?h tched nod
preceding can be written d§.; — Y; > 2 (w — Y;). Now e first phase ensures that there are no unmatched nodes

let X; = w— Y;, wherew = (1/2)w(M*). We now have with unmatched neighbors. Thus, 7 is the set of all
the f(gllowing " ' unmatched nodes, then th2-augmentationpaths can be
' 3 discovered by obtaining all unmatched node pairs having a
X0 <T . Xows < —2X, < (B35 common matched edge as a neighbor. In other words, if
0= Akl = gtk = (%) @ v1,v4 € U, and there is a matched edge;,v3) such that

It follows that, there exist€” > 0 such thatX; = we for v2 € Ny, andvz € N,,, then augmenting the matching
k > Clog(1/e) and hence, = w(1 —¢) for k > C'log(1/¢). along the path(vi, vz, vs,v4) gets rid of the2-augmentation
The results follow with high probability since the maximaPath. Now, if the2-augmentatiopaths at the end of the first
matching produced by step-6 of Procedure 2 happens withase are all disjoint.., no two 2-augmentatiorpaths have
high probability. Note that,O(logn) occurrences of high common nodes), then, removing tBeaugmentatiorpaths in
probability events translate to all the events occursinig.p. @ distributed manner is straight-forward:
1) Every unmatched node transmits a message to its

IV. DISTRIBUTED COMPUTATION OF MSM SCHEDULE matched neighbor declaring that it is unmatched (this

We now describe algorithms for computing MSM. MSM can be achieved by a broadcast message).
schedule could be used to schedule as many links, thatysatisf2) Every matched node: sends a message to its matched
a certain desired property, as possible. The property coald pair (from the matching formed in the first phase) declar-
(i) links with packets to transmit (ii) links with more than a ing its unmatched neighbar,,, if any (this information
certain number of packets in the buffer etc.. Throughout thi is obtained from step-1).
section, we say communication graph to imply the sub-graph3) For every matched node: that has heard a signal in
with only those links/edges that satisfy the desired prigper step-1 and step-2, clearly there i @ugmentatiompath

. . . going through it, and hence the matched partner can be
A. Intuition and Overview of the Algorithm simply substituted by the unmatched node learned from
We first define the notion &-augmentatiopaths in a graph step-1.

G with some matchingVl. A path (vi,v2,v3,v4) (clearly, However, note that there can be multipBaugmentation
{(v1,02), (v2,3), (v3,04)} C E) is a2-augmentatiorpath if - pathsy, and vy can be part of, and all of these cannot be
it satisfies the following property: removed simultaneously. A simple example of this is given in
P V1,V M, (v2,v3) € M, (v3,v M, Figure 2(a). . . . . -
Py (vr,02) ¢ ( 2d 3) ( ?i[ h4)d¢ d In such a scenario, the preceding simple algorithm fails in
U1 anduy are unmatched nodes. the last step where a matched node has to choose between

Essentially, if we replace the matched edge in an Multiple 2-augmentatiorpaths. In the algorithm we develop,
augmentatiopath by the two unmatched edges in the path, wBe goal of the second phase is to remove as many
still have a valid matching. This operation is called augtimgn augmentatiorpaths as possible. To do this we will form the
the matching)M along an augmentation patf and can be following auxiliary tripartite graph in a distributed maem
formally stated as\/ — (M \ P)U (P \ M). The algorithm The auxiliary tripartite graph has three sets of vertides”
we develop is based on the following standard fact from gragiid . The L and R vertices are mutually disjoint subsets of

theory. the unmatched nodds, and theC vertices are obtained by
Lemma 4.1: [20] If M is a matching in graplG(V, E) collapsing the existing matched edges of the graph. We will

such that there are no 2-augmentation paths, then, call this new graphA (see Figure 2(b) for example). Now

note that, any 3D matching id correspond to vertex disjoint

|M| > §|MSM in G(V,E)| . 0 2-augmentatiorpaths inG. In Figure 2(c), we show a 3D-

matching in the auxiliary tripartite graph. As it can be seen
We will also use the following result based on an algorithrihe 3D-matching in the tripartite graph corresponds toodtisj
in [11], [26]. The algorithm uses the computation model i2-augmentatiorpaths inG.
Section II. With this intuition, the second phase of the our algorithm
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Fig. 2. (a) A graph with multiple overlappin@-augmentatiorpaths.(b) An auxiliary graphGr based on the matching i&. Note that, if
the matched edges are collapsed into a single node, thenweeahaipartite graph(c) A 3D-matching in the corresponding tripartite graph.

works as follows.

1) Form the auxiliary tripartite graphl in a distributed
manner. This can be done by every unmatched node
randomly deciding to be ah-vertex or anR-vertex in .
a manner described in the next subsection. The edges
are the edges going froth to C andC to R.

In the tripartite graph thus formed obtain 3D matching
in a distributed manner. The details of this step is again
given in the detailed description of the algorithm.

3) Repeat step-1 and stepcRlogn) times.

Essentially, the first step ensures that the tripartite lyrap
captures a constant fraction of tBeaugmentatiorpaths inG
that are removed in step-2. Thus, repeating the st¥jsg n)
times removes “most” (this will be quantified later) of tBe
augmentatiorpaths.

2)

B. Detailed Description of the Algorithm

We first introduce some notations that will help in describ-
ing the algorithms. We us¥ for set of unmatched nodds,

to disjoint 2-augmentatiorpaths in the original graph.
The next step finds thes-augmentationpaths in a
distributed manner.

In Part 2(b) (step 7-11 of Algorithm 3) the algorithm
attempts to discover a maximal set of 3-D matchings
in the auxiliary graphA (formed by collapsing the
matched node-pairs in the auxiliary graph). This requires
ko repetitions of the following procedure. First remove
any edge along which @-augmentationpath is not
possible. We then run a maximal matching in the bipartite
graph formed by the unmatched L-nodes and the matched
L-nodes. Call this matching/;. This is followed by

a maximal matching on the bipartite graph formed by
a subset of the matched R-nodes (this subset consists
of those nodes whose partners are M) and the
unmatched R-nodes. Call this matchihg. It is not hard

to see that\/;, and Mg combine to give a set of disjoint
2-augmentatiorpaths (this is illustrated in Figure 2(c)).
The existing matching is then augmented along tHese
augmentatiorpaths.

M for set of matched node®/ and E,; for matched edges. C. Main Results

Every node inU and M is markedL (left) or R (right) as
the algorithm progresses. Lét;, Ry, Ly, Ras respectively

We will now argue that, by setting the parametgrsand

be the set of unmatched L-nodes, set of unmatched R-nodigsSuitably, our Algorithm gives &/3 — e approximation to

matched L-nodes, set of matched R-nodes. Note that, atk th&%
sets change dynamically over the course of the algorithm.

The algorithm runs in two Parts.

In Part 1 (step 1 of Algorithm 3) we run a maximal matchin%S
algorithm on the input graph using the algorithm provide
in [11]. This algorithm ensures that all nodes in the graph ar
either matched or have all matched neighbors.

Part 2 (step 2-14 of Algorithm 3) consists kf repetition
of the following procedure, where the appropriate value o
k1 is derived in a later subsection. The procedure is furthfr
divided into two subparts, Part 2(a) and Part 2(b).

e In Part 2(a) (step 5-6 of Algorithm 3) we form a
auxiliary graph by letting each unmatched node choose
to be left (L-node) or right (R-node). Further, each
matched pair is already oriented left-right or right-left

Theorem 2:If we set k;
for positive constantg”; and Cs, then, Algorithm 3 gives
a % — €)-approximation to Maximum Size Matching in
(1/elog?®n) w.h.p.
We shall now prove the above result through a sequence of
lemmas. In the following, we will call Step 3 to Step 13 one
s Phaseof the algorithm, and we will call Step 8 to Step 10 of
e algorithm as onéeration in a phase.
Lemma 4.3:Let Spazimal (Smazimum) denote a maximal
maximum) set of2-augmentatiorpaths that is found in the
nauxiliary graph. Then,

ximum size matching. We have the following main result.

= 10g7’L and ko = Cg%

1

|Smawimal| Z glsmawzmum|

Proof: Follows by noting that that each path $,q:imai

(see Remark 1). The neighbor set of the auxiliary sulban be mapped to at most three pathsSin.imum. We skip
graph is chosen as follows: each unmatched (matched)the details. ]
node chooses the matched (unmatched) L-nodes from it emma 4.4:In the auxiliary graph, if after iterations the
neighbor set in the original graph, and similarly for the Rsize of the maximum disjoint set &augmentatiorpaths in
nodes. This step is illustrated in Figure 2(b). Essentiallthe auxiliary graph is;, then the matching contains at Ieé;t

if we now collapse the matched pairs to be single nodesatched pairs.

we have a tripartite grapH as shown in the figure. Now Proof: First note that, any matched pair that is in the
we see that any 3-D matching in the grapltorresponds maximal matching in the left subgraph of the auxiliary graph



Algorithm 3 %—Approximate Maximum Size Matching Procedure 53D_Matching: Find 3D Matching in the Auxil-
(Given a communication grap@, it computes a MSM in a iary Graph

distributed manner) 1: Run Maximal Matching on the subgraph ofd formed by the
1: Run Maximal Matching on the input grapf¥ using the dis- nodesLy U Ly using the distributed maximal matching algo-
tributed maximal matching algorithm in Appendix VII-§Each rithm in [11]. Denote byM, the nodes that are part of this

matched edge has one left marked node and one right marked matching. , )
node. We call them matched L-node and matched R-node (sé Everym € Ly NM), sends anatchedmessage to pgim) (this

Remark 1} is the matched partner in the matchifg in the original graph)
2: for k; phasegdo in Rys. Let Sk C Ry be the set of nodes that has heard.
3 Let U = set of unmatched nodes, M = 3: Run Maximal Matchingon the subgraph ofi formed by nodes
set of matched nodes. in Sr U Ry using the maximal matching algorithm in [11]. Let
4: Eachu € U chooses to mark itself a5 with probability M}z be the nodes that are part of this matching.
0.5 and R with probability 0.5. o 4: Now each node that is contained M, U My, is obtained in
5. Let P be the set oR-augmentatiorpaths. Initialize P := 0 a 2-augmentationpath and each one is disjoint. Augment the
6:  Run ReduceGraph (Procedure 4) onG. This outputs an matchingM using these2-augmentatiorpaths.
auxiliary tripartite graph4d = (Va, Ea). 5: The above procedure is repeated starting from the rightraphg
7. for ko iterationsdo ) 6: The set of all2-augmentatiorpaths discovered is returned.
8: The nodes that are part ol run 3D_Matching (Proce-
dure 5) to get a disjoint set &-augmentatiorpathsT'.
9: P «— P|JT {essentially, for allt € T', the nodes that are
part of t store the neighbors in the patl : . : .
10: The nodes that are part of paths]hregove themselves the Algorithm 3 we have & — c approximation to maximum
from Va. {the nodes that are removed froii, can Size matching in the grapi.h.p.
broadcast deave message so that the other nodesVin Proof: Let Xy, r; respectively be the size of the maxi-
" engpfg?te their neighborhood in graphappropriately mum disjoint set oR-augmentatiompaths in the beginning of

12 Restore all edges to grag phasek and remaining after phase-Clearly X1 — X}, is the

131 M — MAP {since the2-augmentatiorpaths are disjoint, numbe_r of2-augmentatiorpaths removed .from the auxiliary
this step can be easily carried out in a distributed mahner. graph in phasé- Now, each2-augmentatiorpath can be a

14: end for part of the auxiliary graph with probability/4; because this
happens if unmatched neighbor of the matched L-node in the
Procedure 4 ReduceGraph: Generate Auxiliary Graph path is r?ndL'HOdheb(OC%Wﬁ with prrlozab”'l)/g) andhalso t;\e
— — — unmatched neighbor of the matched R-node in the path is an
L L?thleal;\? Nu(4) := @ for all u € U and N (4) := 0 for all R-node (occurs with probability/2). Thus, the number -
2: Each node broadcasts its marking, which is eithesr R. augmentatiomath in the auxiliary graph in phagedistributed

3: Each nodem € Ry such thatN,,,(G) N Ry # 0 (i.e, M has as BinomialX},1/4). Since, theX,; — X}, 2-augmentation
at least one right marked unmatched neighbor) sendsxést paths removed from the auxiliary graph along with ihe2-
mgfsﬁg?é? gsLma;:hgdsgr?(ljré Sa'rfg;l?sf:{ﬁggggggn?oeié%z?gged augmentatiorpaths remaining in the auxiliary graph form a
pair. " v maximal set of2-augmentatiorpaths in the auxiliary graph,

4: Every nodem € Ry, (L) that participated in the previous stepit follows from Lemma 4.3 that
and that gets amxistsignal from paifm) includes inN,,(A) X
all the nodes inRy (Ly) it has heard from. ElXi 1 —X > LEX] o pry < Upry )

5: Everym € M such that\V,, (A) # @ sends a broadcast message [Ket UL [Xesa] < BRG]+
include Every nodeu € Ly (u € Ry) includes inN, (A) each . . .
nodem € Ly; (m € Rar) that has sent a broadcast. It can be shown using Lemma 7.1 in Appendix V]I—A that

X < 1274, for B = Q(logn) w.h.p, wherery,,x is the
maximum value ofr; over C, logn phases.

. . . . Consider the phase after which there werg,, 2-

will be removed from the auxiliary graphé., will not be part augmentatiorpaths left in the auxiliary graph aftek;miter-

of any2—augmentat|orpath) after the iteration. ations. Sincek, = 24/¢, we also know from Lemma 4.4
So let us now consider the total number of matched pallr]\s/” > 127,00 /. Als0, since we have left out at mok2r
- max . 1 max

fe.”ﬁo."ed aftet iterations. L.et“ be the Sizé of the maximum 2-augmentatiopaths afteiC; log n phases, and augmentation
disjoint set of2-augmentatiorpaths left in the reduced graphy, 0" aach of these paths can add one extra edge to the
after the;*" iteration. Clearly,; is decreasing iri and hence matching, we have from Lemma 4.1

r; > 1, = r. Now, if the size of the maximum disjoint set

of 2-augmentationpaths isr; after any iteration, then the 2

size of the maximal matching in the left subgraph is at least [M|+127maee > §|M*| ; 1)

r; /2. Furthermore, the matched edges removed in two different

iterations are disjoint. This is because, a matched node irwhere M/* is any maximum size matching. This along with

2-augmentatiomath that is included in the maximal matchingM| > 12r,,.,/¢, can be used to argue thg¥/| > (2/3 —

of the left subgraph (of the auxiliary graph) in an iteratien €)M *|. [ |

no more a part of any-augmentatiorpath. Thus the total Proof of Theorem 2: The theorem follows from

number of matchings in thegeiterations should be at leastLemma 4.5. We simply note that the number of rounds

St /2 > rt/2. Hence the result. B required iskikylogn = O(1/elog®n) since computing the
Lemma 4.5:1f ky = 24/, then, afterCy logn phases of maximal matching take®(logn) rounds.




V. EXPERIMENTS random geometric graphs, the performance of Algorithm 1

In this section we show results of running our algorithm§ close t090% of the optimal value. For instance the least
on realistic graphs. The purpose of this sections is twd-folaverage result observed s accuracy. This is a substantial
First, to demonstrate that the performance of our algosthrif"Provement over our theoretical guarantee of arot.
for certain realistic graphs are much better than guardnte®S0, the worst case (over several random instances) perfor
by our theoretical analysis for arbitrary graphs. Second, f1ance is close t87%. . .
provide insight on the time-complexity of our algorithm for Time-complexity: Recall that the time-complexity of Al-
these graphs. The time-complexity in our theoretical tesu@orithm 1 depends on the number of phagesThe time-

. . . 2 .
simply underline therders of magnitudeve demonstrate the COmplexity of the algorithm is: log® n. In Figure 4, we have
actual time-complexities of our algorithms in this section Shown the performance for different valuesiofor n = 500

nodes. Clearly, the additional gain beyaohé- 20 is minimal.

A. Setup This can be observed as fér= 20 we achieve accuracy of
The communication graphs on which we ran our algorithm# to 88% and the best possible result is with#9% of the

were generated by throwing the nodes uniformly at random $@lution. Thus, in practice, a small value ofmay suffice.

a square of unit area. Furtherr_nore, e_ach node was assumee'tchesults for Maximum Size Matching

have an identical communication radiusrofSuch graphs are

also called random geometric graphs and have been widely . .. .

used as a model for wireless ad-hoc networks [7], [13]. It was. | =

proved in [6] that the critical radius required for conneityi

in such a graph scales with the number of nodesas

1y /_1og n/n. For our experiments, we .took the communication

radius of the nodei«/logn/n for different values of the Fon

constantc > 0. o Number of Nodes ™ oo ae = 0w
The experiments were performed using a simulator written @) (b)

in C to test the protocol and the results were averaged over

nine different random graphs arid simulation runs on each Fig. 5. Performance of Algorithm 3 in terms of %-off from optimal
on random geometric graphs with communication radius etui)

raph-instant.
grapn-t L2 /logn/n (b) £+/log n/n.
B. Results for Maximum Weight Matching

We now demonstrate the performance of our maximum Performance: In Figure 5(a) and 5(b), we compare the
weight matching algorithm. For these set of experiments ®¢rformance of Algorithm 3 with a simple maximal matching

random geometric graphs, the weight for each edge was chogi®rithm. Ony-axis we have shown the gap between (and a
uniformly at random in the rangg, 1000]. maximal matching algorithm) algorithm and MSM matching

(in the figure, we use “Maximum Matching” to mean MSM).
Clearly, the gap between maximum size matching and the size
of the matching produced by Algorithm 3 is less thalf,
i.e., typically the performance is withif5% of the optimal
for random geometric graphs. In most of these cases a simple
maximal matching algorithm also performs quite well, bug th
average gap from the optimal matching is almost twice that
of Algorithm 3. Also, the performance of the simple maximal
@ (b) matching algorithm shows much more variability as can be
seen from the error-bars in our plots in Figure 5(a) and 5(b).
We now comment on the time-complexity of our algorithm.
Recall that, Algorithm 3 has two parametérsand ks where
k1 is the number ophasesand ks is the number of iterations
within each phase. The time-complexity is cleakys log n.
cgsiracy of Our algorithm for Different Values ¢ While Theorem 2 provides bounds féy and k-, for general
graphs, our simulation results with random geometric gsaph
suggest thatk; = 10 and k; = 2 suffice for maximum
performance from our algorithm.

Accuracy of Our Algorithm and Maxim:

Rt

% off from Maximum Matching

% off from Maximum Matchi

Accuracy of Our Algorithm Accuracy of Our Algorithm

Our Algorithth —— Our Algorithh ——

% of Maximum Weigth Matching

% of Maximum

CET w0 700

S0 400 500 S0 400 so
Number of Nodes Number of Nodes

Fig. 3. Performance of Algorithm 1 in terms of %-of from optimal
on random geometric graphs with communication radius etui)

(2 logn/n (b) &/logn/n.
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VI. CONCLUDING REMARKS

TOTEOTS0TAD S0 6y Y0 B0 10 In this paper we have developed approximate scheduling
algorithms for wireless networks undaode exclusive spec-
Fig. 4. Plots showing the performance of Algorithm 1 for differentrum sharing. We have focused on two popular schedules,
values ofk. The time-complexity of the algorithm is roughbyjlog®n. namelymaximum size matchirgnd maximum weight match-
Perf In Fi 3 d 3(b h h th ing schedules, and provided improved approximate algorithms
erformance: In Figure 3(a) and 3(b), we have shown the,7 computing these schedules in a distributed manner. Our
performance of Algorithm 1 for varying number of nodes ang|gorithms have logarithmic time-complexity, and simidas

for different values of the communication radius. Cleafty, results with a popular model for wireless adhoc networks

gn of MaximuméNe\ghtpMatch
o]
B

9




suggest that the algorithms perform up9%@% of the optimal
in practice.

(2]
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VII. APPENDIX
A. A Technical Lemma

Lemma 7.1:If a sequence of non-increasing integer random
variablesX, satisfy F[X1|Xk] < ¢ Xk, Xo <n for some

[1] IEEE 802.16e standarmtp://standards.ieee.org/getieee802/802.16.htmb < 1, then there exists a constafit > 0 such that for all

k > Clogn, X =0 w.h.p.
Proof: The proof is simple and follows from Markov Inequal-
ity. We skip the proof for want of space. O

B. Proof of Lemma 3.3

Step 6 in Procedure 2 is not too different from the dis-
tributed maximal matching algorithm in [11] except for some
minor technicalities owing to the fact that the grapgh is
obtained by collapsing certain matched node pairs belgngin
(we use the notations in Procedure 2). We outline
these technicalities in the following. The distributed rinaai
matching algorithm in [11] proceeds in a request-grantitash
in every round nodes choose to be left (L) or right (R) at
random, the unmatched L-nodes send a request for matching
to one of the unmatched R-nodes, followed by the unmatched
R-nodes picking up a request at random. This can be easily
mimicked in the auxiliary graphd’. For every unmatched
node in G’ that is also inA’ there is no difference to the
maximal matching algorithm in [11]. Consider a node
that is essentially formed by collapsing two nodes and
m’ = pair(m). In this case, the only difference comes when
an L-node inA’, that is formed by collapsingn and m/,
has to request (or grant a request if it is a right marked
collapsed node) to an R-node #f at random fromV U N/,
where N and N’ are the set of unmatchedd. not yet in the
maximal matching ir4d’) right marked neighbors of. andm/’
respectively. This can be achieved by a two step procedure:
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m’ with probability [N'|/(|N| + |N’|). If m is chosen, then

m requests to a node iV uniformly at random ane’ keeps
silent; else ifm’ is chosen, thenn’ requests to a node in
N’ uniformly at random andn keeps silent. However, as

and m’ can have common right neighbors and also can be
adjacent to both nodes of a matched pair, we can show that
the probability that any of the right marked neighborsyas
sent a request for matching is at ledgt4| NUN’|)(instead of
1/(|N U N’|)). However, the proof of the maximal matching
still goes through with this modification and hence the lemma
follows.

C. Distributed Algorithm for Computing Maximal Matching

This algorithm [11], [26] involve<” log n repetitions of the
following steps for some constant > 0:
(i) Each node randomly chooses to be left(L) or right(R).
(ii) Every L-marked node sends a request to all its R-marked
neighbors.
(i) R-marked nodes randomly grant one of all incoming
requests to form a matched edge.
(iv) All matched nodes remove themselves from the compu-
tation procedure. All unmatched nodes remove the matched
nodes from their neighbor list.



