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ABSTRACT

This work considers the problem of designing an efficient
and low-cost infrastructure for connecting static multi-hop
wireless networks with wired backbone, while ensuring QoS
requirements such as bandwidth and delay. This infrastruc-
ture is useful for designing low cost and fast deployed access
networks in rural and suburban areas. It may also be used
for providing access to sensor networks or for efficient facil-
ity placement in wireless networks. In these networks some
nodes are chosen as access points and function as gateways
to access a wired backbone. Each access point serves a clus-
ter of its nearby user and a spanning tree rooted at the ac-
cess point is used for message delivery. The work addresses
both the design optimization and the operation aspects of
the system. From the design perspective, we seek for a par-
tition of the network nodes into minimal number of disjoint
clusters that satisfy multiple constraints; Each cluster is re-
quired to be a connected graph with an upper bound on
its radius. We assume that each node has a weight (rep-
resenting its bandwidth requirement) and the total weight
of all cluster nodes is also bounded. By breaking the prob-
lem into two sub-problems and solving each one separately,
we propose polynomial time approximation algorithms that
calculate solutions within a constant factor of the optimal
ones. From the operation viewpoint, we introduce an adap-
tive delivery mechanism that maximizes the throughput of
each cluster without violating the QoS constraints.
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1. INTRODUCTION

The tremendous advance of wireless communication tech-
nologies has prompted the development of new wireless ap-
plications. Among these new applications we found the
broadband wireless access (BWA) systems [1] and the wire-
less sensor networks [2, 3]. BWA systems provide broadband
access for residential customers for both telephone and In-
ternet connectivity and they are easily deployed in areas
where the existing communication networks cannot support
the bandwidth demands. Wireless sensor networks, like the
WINS [2], provide monitoring and control capacities over
large areas for monitoring applications, like transportation,
manufacturing, health care and security monitoring. These
networks are composed of large number of low power sensors
that collect measurement, acoustic or video information and
send it to monitoring centers. In both applications, most of
the communication is between the wireless nodes and sta-
tions outside the wireless networks, ¢.e., monitoring centers
or Internet servers. This raises the need for efficient con-
nectivity between the wireless nodes and the fixed networks
that minimizes the number of direct connections while sat-
isfying Quality of Service (QoS) constraints.

Currently, in sensor networks some nodes are selected as
access points between the sensor network and the fixed back-
bone [3]. However, to the best of our knowledge there is no
rigorous method for selecting these nodes. BWA systems use
a cellular-like approach, where a single access point provides
wireless connectivity to a group of static users in its trans-
mission range. Such an approach is suitable for urban areas
with dense user population. However, it may be inefficient
in rural and suburban areas with sparse population, where
the number of users served by a single access point is low.
Although the user to access point ratio can be improved by
increasing the transmission power of both the access points
and the users, the latter causes significantly higher energy
consumption by the wireless stations, increases the wireless
channel interference and requires more expensive hardware.
These drawbacks make the cellular-like approach inefficient
solution for sensor networks and for BWA systems in rural
areas. In [4], Beyer et al. presented a low-cost Internet ac-
cess infrastructure for geographically scattered communities
termed a rooftop community network. In their scheme, the
community houses are equipped with simple antennas and
create a multi-hop wireless network. Some of the nodes,
termed access points, are directly connected to a backbone
network and function as gateways to access the Internet.
This approach gains a lot of attention in the recent years
and some community networks have already been launched
in several regions in U.S.A. [5].



This work uses the concept of community access network
for constructing an efficient and low-cost infrastructure that
connects static wireless networks with wired backbone net-
work while ensuring QoS requirements such as bandwidth
and delay. The proposed infrastructure can be used for
broadband access control, collecting monitoring information
of sensor networks, or for facility placement when the pro-
vided services need to satisfy QoS constrains. Our scheme
divides the network nodes into clusters and selects a single
access point node at each cluster. The access point functions
as gateways to access the wired backbone for all its cluster
nodes. At each cluster, a spanning tree rooted at the access
point is used for message delivery, where the tree’s internal
nodes (beside the access point) serve as relays for the benefit
of the distinct stations. This tree-based approach simplify
the routing [6] and enables us to maximize the network uti-
lization while ensuring the QoS constraints. By selecting
a small number of clusters, the number of required access
points as well as the system cost are reduced. However, for
operational considerations and for QoS assurance the clus-
ters must satisfy several constraints: The clusters should
be disjoint and contain all the network nodes. Each clus-
ter must induce a connected graph with fixed bound, R, on
its radius for multi-hop routing with bounded propagation
delay. For QoS based access, there is a bound on total band-
width requirement of all the nodes in a cluster and a node
may serve as relay only for a limited number of users. Our
work addresses both the design and the operation aspects
of the proposed infrastructure. We consider the clustering
problem of minimizing the number of clusters that satisfy
the above constraints and we present polynomial-time ap-
proximation algorithms that guarantee solutions within a
constant factor of the optimum ones. We also introduce an
adaptive delivery mechanism that maximizes the through-
put of each cluster without violating the QoS constraints.

Clustered and hierarchical structures are widely used in
communication networks [7] and numerous algorithms for
low-diameter graph decomposition are described in the lit-
erature [8, 9]. Most of these studies model the communica-
tion networks as arbitrary graphs and they do not consider
practical topologies of wireless networks. In wireless net-
works clustering techniques are extensively used for routing
[10, 11, 12], location management and facility location [13]
(see also [14]). Most of these schemes proposed heuristics
for dividing the wireless network into clusters with bounded
diameter when ignoring the clusters’ sizes. It is usually the
case that the number of calculated clusters is evaluated by
simulations and no guarantee, in comparison to the optimal
solution, is proven. Recently, in [15], Banerjee and Khuller
presented a clustering scheme that partitions a given wire-
less network to connected clusters that satisfy minimum and
maximum size constraints. In their scheme, a node may be
included in a constant number of clusters and the intersec-
tion of two clusters may include a small number of nodes. To
the best of our knowledge, there is no clustering algorithm
that satisfies all the requirements of our clustering problem.

In this paper, rather than addressing the combined prob-
lem, we break it into two sub-problems, which are both NP-
hard. The first one seeks to find minimal number of disjoint
connected clusters that contain all the nodes and satisfy the
radius constraint. For this problem we present "heavy” and
”light” algorithms, in terms of time complexity, with differ-
ent approximation ratios. The "heavy” algorithm uses the
shifting strategy of Hochbaum and Maass [16] and allows us
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Figure 1: An example of a wireless network and its
unit disk graph representation.

to control the complexity and the quality of the solution.
The ”light” algorithm is based on geometric properties of
unit disk graphs and guarantees an approximation ratio that
is proportional to the maximal radius R, independent of the
network size. After finding a set of clusters with bounded
radius, clusters that violate the weight constraint are fur-
ther divided by a weight partition algorithm based on the
scheme of Banerjee and Khuller in [15]. The weight partition
algorithm guarantees a 3-approximation ratio. As a result,
the final solution satisfies the clustering constraints and its
size is within a small constant factor of the optimum solu-
tion. Our simulations show that the proposed algorithms
yield efficient partitions which are close to the optimum.

Due to space limitation, we present in this paper only
sketches of the proofs and more details can be found in [17].
There we also present the clustering problem as a variant
of the capacitated facility location problem (CFLP) [18] with
additional constraints.

2. THE NETWORK MODEL

We consider a static multi-hop wireless network repre-
sented by an undirected graph G(V, E). Each node v € V'
represents a radio transceiver with a unique identification
number (ID). At any given time a transceiver may either
transmit or listen to a single wireless channel. The band-
width of every wireless channel is W and it is divided into
time slots of length A. Each node v € V has a circular
transmission range with radius 1 and the neighborhood of v,
denoted by N(v), is the set of nodes that reside within its
transmission range. Thus, there is a bi-directional wireless
link between v and every node v € N(v) — {v}, which is rep-
resented as an edge (u,v) € E. Consequently, our network
model is similar to the proximity model of unit disk graphs
that is defined in [19]. An example of such graph is given
in Figure 1. In the following, we use this simple network for
illustrating the properties of the proposed algorithms.

In our model, the shortest path between nodes u,v € V
is the path with the minimum number of hops between
them and their distance, d(u,v), is the number of hops in
this path. Any subset of nodes C C V is called a clus-
ter and assume that there is a cluster-head y € C at each
considered cluster C. The cluster nodes and the links be-
tween them define the cluster graph Go(C, E¢), where E¢ =
{(u,v)|u,v € CA(u,v) € E}. A cluster is called connected if
its corresponding cluster graph is connected. We denote by
dc(v,u), v,u € C, the shortest path between v and v in the
cluster graph and the cluster radius is the maximal distance
from y to any other node v € C, i.e., maxyec dc(y,v). In
addition, every node v € V has a positive weight w, < W



that represents its bandwidth requirement and we demote
the total weight of a cluster C' by Wsum (C) = Y, cc Wo-

Let T be a spanning tree of a cluster graph G¢(C, E¢)
rooted at the cluster-head y € C. The i-th level of the tree
T is the set of nodes with hop distance ¢ from y along the
tree T and the depth of T is the index of its farthest level. A
tree T is called a shortest-path (SP) tree if it is composed of
the shortest paths from its root, y, to any other node v € C.
In this case the depth of T is also the cluster radius.

For any positive integer k, the k-neighborhood of a node v,
denoted by Ny (v), is the set of nodes with distance at most
k from v in G, i.e., Ni(v) = {u|Ju € V Ad(u,v) < k}. We
define the k-th power graph of G, denoted by G*(V, E*), as
the graph with the nodes V and an edge between every pair
of nodes u,v € V such that d(u,v) < k in G. Recall that
the k-neighborhood of a node v in G is the neighborhood of
vin G*.

For the sake of completeness we present here several graph
theory definitions that we use in the paper. Given an undi-
rected graph G(V, E), an independent set (IS) of G is a sub-
set S C V such that there is no edge between any pair of
nodes in S. In unit disk graph the geographic distance be-
tween every pair of nodes in S is more than 1. A dominating
set (DS) of G is asubset S C V such that every nodein V—S
has at least one neighbor in S and a dominating independent
set (DIS) of G is a set S C V that is both dominating and
independent set. An approximation algorithm for an opti-
mization problem II provides an approzimation factor of ¢ if
for every instance of II the solution returned by the approx-
imation algorithm is within a factor of § from the optimal
solution. A polynomial time approzimation scheme (PTAS)
for problem II is a polynomial time algorithm which for any
given instance I of II and € > 0, returns a solution within a
factor of (1 + €) times of the optimal solution for I.

3. THE SYSTEM DESCRIPTION
3.1 The Multi-Hop System

The aim of the proposed system is providing low-cost
connection between a wireless network G(V, E) and a fixed
backbone network that satisfies quality of service (QoS) con-
straints. The QoS constraints are given in the form of min-
imal bandwidth requirements!, w,, of every node v € V
and a bound Dp on the message propagation delay. The
connection is obtained by equipping some nodes with direct
links with a backbone network. Such node, termed access
point, serve as a gateway between the nodes in its vicinities
and the backbone. The efficiency of a proposed system is
evaluated by the number of access points that it requires.

In this work we propose to minimize the number of access
points by using multi-hop systems. We partition the wireless
network into connected clusters and select a cluster-head at
each cluster that serves as the access point of all its cluster
nodes. For message delivery, we construct a spanning tree,
termed a delivery tree, rooted at the cluster-head, where
internal nodes serve as relays for connecting distinct nodes
with the access-point. The tree-based delivery mechanism
simplifies the message routing [6] and enables us to maximize
the network utilization while satisfying the QoS constraints.
In Example 1, we illustrate that the multi-hop systems need
significantly less access points than the single-hop systems

!Similarly, the weight may represent a lower bound on the
average bandwidth requirement of a considered node.

(a) The optimal partition to single-hop
clusters with radius R=1.

(b) The optimal partition to multiple-hop
clusters with radius at most 5.

(c) The optimal partition to multiple-hop clusters
with radius at most 5 and weight at most 10.

O - A cluster.

- A cluster-head/
access-point.

Figure 2: Examples of single-hop and multi-hop sys-
tems.

(where each node in included in the transmission range of
its access point), even when an access point can serve only
small number of users. This observation is also confirmed
by our simulations in Section 7.

ExAMPLE 1. Figure 2 presents the optimal single-hop and
multi-hop systems for the graph presented in Figure 1. For
the multi-hop systems, the cluster radius is bounded by
R = 5 and the number of nodes in a cluster is bounded
by 100 and 10, respectively. In this example, the optimal
solutions were found by checking all the possibilities. O

For designing effective multi-hop systems we should con-
struct two mechanisms: (i) An efficient clustering algorithm
that produces a small number of delivery trees that cover
all the nodes and satisfy the given QoS constraints. (ii) A
delivery mechanism at each cluster that maximizes the clus-
ter throughput without violating the QoS constraints and
with efficient channel utilization. In the rest of this sec-
tion, we describe the delivery mechanism. This description
is essential for understanding the constraints of the cluster-
ing algorithm, e.g., the maximal radius of a cluster, R. For
simplicity, we assume that the upstream and downstream
bandwidth requirements of every node are the same.

3.2 The Delivery Mechanism

Consider a cluster C C V with a delivery tree T(C, E')
rooted at an access point y € C and assume that the tree



y -access point

m(t,v) - a message originated at time t
and designated to node v.

Figure 3: An example of downstream transmissions
at a given time slot t,.

depth is R. Since, all messages traverse through the access
point, the throughput of the cluster is maximized when the
access point is busy all the time with efficient data trans-
mission. This goal is obtained by employing collision free
transmission scheme, where the access point? coordinates all
the transmissions inside the cluster by using slotted channels
and polling mechanism. For the clarity of the presentation
we assume that the slots are enumerated. Moreover, each
node knows its parent and its descendant nodes in the de-
livery tree.

3.2.1 Downstream and Upstream Delivery

For efficient and simple message delivery, the slots are di-
vided into upstream and downstream slots. Odd slots are
used only for downstream data transmission, while upstream
data is forwarded only in even slots. Initially, let us describe
the downstream transmissions and recall that every down-
stream message is originated by the access point. Consider
a message from the access point y to node u that was origi-
nated at time to and traverses along the path P, , = {vo =
Y, V1,02, ...,V = u} in T. At each successive downstream
slot, the message is forwarded from its current location to
its successive nodes in the path Py ,, until it reaches its des-
tination. Thus, at slot {9 the message is received by node
v1, at slot tp + 2 the message is forwarded to node v and so
on, until it reaches node w at slot to +2 - (k — 1). The total
propagation delay of the message in the system is 2-k — 1
time slots. Since, a node may either receive or transmit at
any given time, the delivery mechanism must ensure that
when node v; sends the message to node v;+1, it is not sup-
pose to receive another message. This property is obtained
if the access point does not send two messages to the same
child, v1, in two successive downstream slots.

ExXAMPLE 2. Figure 3 presents an example of a delivery
tree in which four messages are forwarded simultaneously
at a given time slot to. Each message m(t,v) is indicated
by its first transmission time ¢ (by the access point) and its
destination node v. ]

Upstream transmission is done in a similar manner. The
main difference is that upstream messages are originated by
cluster nodes, u # y, and designated to the access point, y.
For guaranteeing collision free operation, the access point

2By definition, the access point is a single point of failure
since it is the only node in the cluster that is connected to
the backbone network. Therefore, a complicated distributed
management is not justified.
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Figure 4: An example of the message delivery of two
active sessions during 30 time slots.

allocates for each node reserved slots for its upstream trans-
mission. This reserved slot information is piggybacked to
the downstream messages sent to each node and it specifies
the number of slots that the node should wait before send-
ing its next upstream message. This dynamic slot allocation
method enables adaptive and fair bandwidth management
that maximizes the cluster throughput. It also satisfies the
next property.

PROPERTY 1. The mazimal propagation delay of a mes-
sage in the wireless network is at most (2- R —1) - A, when
A is the duration of a time slot.

ExXAMPLE 3. Figure 4 presents an example of message de-
livery along a given path P = {y,a,b,c,d} during a period
of 30 time slots. The access point manages two sessions with
nodes ¢ and d, and the bandwidth of each session is W/4.
Recall that downstream messages carry the destination IDs,
while upstream messages contain the source IDs. a

3.2.2  Synchronization and Channel Allocation

The proposed system maximizes the system throughput
by preventing transmission collisions. Thus, at every time
slot, each node has to know either its transmission or listen-
ing channel. Moreover, two nodes are not allowed to trans-
mit simultaneously on the same channel if they are both
neighbors of one of the receiving-nodes. The channel syn-
chronization, however, can be simplified by using the next
property of the delivery mechanism.

PROPERTY 2. At any given time there is at most one
transmitting-node at each level of the delivery tree.

This property results from the fact that at each time slot
the access point can either transmit or receive a single mes-
sage. Thus, for each level ¢ of the tree, we allocate a single



channel, F;, that is used as the transmission channel by all
the nodes in level 3. Every non-transmitting node in level
i, listens to channel F;_; during downstream slots and to
channel F;;1 during upstream slots. From Property 2 fol-
lows that there are no transmission collisions and each node
know to which channel it has to listen at any time. A node
u that received a message originated by or designated to
one of the nodes in its sub-tree, transmits the message in
the next upstream or downstream slot, respectively. In this
method the number of required channel is at most R. Note
that ”channel reuse” techniques can be applied for further
reducing the number of required channels. If, for instance,
the delivery tree is also an SP tree and non-neighbor nodes
do not interfere to each other, it can be shown that only
three wireless channels are required for each cluster.

3.2.3 Admission Control

In the proposed system a node is allowed to originate a
new message only if it has acquired a reserved slot. Reserved
slots are obtained only when a node receives a message from
the access point. This raises the problem of initiating new
sessions by the cluster nodes. To overcome this problem
the access point periodically polls the cluster nodes that are
not involved with active sessions. Since, the poll request
and replay messages are very short, the access point may
poll simultaneously several nodes for minimizing the polling
overhead, i.e., a set of nodes with the same parent v in T.
The access point sends a single poll message to node v. Upon
reception of the poll message, node v polls all its children
by transmitting a single poll message. Each child returns a
short reply in a corresponding mini-slot. This reply message
indicates whether the child wants to initiate a new session
and the required bandwidth. Node v collects the replies
and originates a single reply message that is sent toward
the access point. When the access point receives the reply
message, it initiates the requested sessions and allocates the
required resources.

3.2.4 Fault Management

In the considered system, each cluster is managed by a
single access point. We assume that the access point is
backed-up and it is connected to a reliable source of en-
ergy, while the other nodes are prone to failures. For failure
recovery, the system is equipped with failure detection and
failure recovery mechanisms. The failure detection mecha-
nism also uses the polling method for failure detection. If
the access point does not receive any reply after sending few
poll messages, it assumes that one of the nodes along the
message path has failed, and it sends relevant poll messages
for identifying the malfunctioning node. Similarly, a node
that has not received a poll message during a give time pe-
riod, assumes that it is no longer connected with the access
point and it starts listening to a pre-defined control channel
for recovery messages.

Upon a failure, the access point modifies the delivery tree
for reconnecting the detached nodes and sends proper re-
covery messages for reconstructing the delivery tree. If the
malfunctioning node is a cut-node of the cluster graph®, the
system attempts to attach the disconnected nodes to adja-
cent clusters.

3A node is termed a cut-node if its removal leaves the graph
disconnected.

4. THE SYSTEM DESIGN PROBLEM

We now present the clustering problem that is raised from
the design of the multi-hop systems. Consider a graph G(V, E)
as describe in Section 2, with bandwidth requirements w,
for every node v € V, capacity W to every wireless channel
and a bound Dp on the message propagation delay. The
clustering problem looks for the minimal number of disjoint
delivery trees that cover all the nodes and satisfy three addi-
tional design requirements. For presenting these constraints
we need the next definition.

DEFINITION 1 (Relay-Load). Consider a delivery tree T
and for every non-root node v let Ty(C', E') be the sub-tree
of T rooted at node v. The relay-load of node v in T, denoted
by ho(T), is the total weight of all its descendant nodes in
the delivery tree T, i.e., ho(T) = EuEC’—{v} W, -

From the description of the delivery mechanism in Sec-
tion 3.2 results that every delivery tree T must satisfy the
following constraints. The aggregated bandwidth require-
ments of all the tree nodes must not exceed the capacity W
of a wireless channel. According to Property 1, the depth
of the delivery tree is at most R = LD;—ZAJ for satisfying
the delay constraint. As, every non-root node v needs to
receive and retransmit every message that is originated by
or designated to one of its descendant, its relay-load is at

most (W — wy)/2.

DEFINITION 2 (The clustering problem). Given a graph
G(V, E), a mazimal tree depth R € Z% and a mazimal weight
W € R*. Find the smallest collection of sub-graphs (trees)
T ={T1(C1,E1), - ,Tm(Cm,Em)}, C: CV, E; C E that
satisfy the following requirements.

1. Tree Topology - Every sub-graph T;(C;i, E;) has a
tree topology and let its root be node y; € Cj.

2. Coverage - The trees contain all the graph nodes,

ie., U;n:1 C;=V.

3. Disjoint Trees- Every node is included in a single
tree, i.e., C;(C; =0, for every i # j.

4. Depth - The depth of every tree T;(C;, E;) € T is at
most R.

5. Weight - For every tree T;(Ci, E;) € T, the total
weight of all its nodes is at most W. Thus, Wsym (C;) =
Euec,- wy, < W.

We assume that for every node v € V, w, < W/3.

6. Relay-Load - For every tree T;(C;, E;) and for ev-
ery node v € C; — {y:}, its relay-load is bounded by
ho(T3) < (W —wy)/2.

THEOREM 1. The clustering problem is NP-hard.

Proof: We reduce any instance of the dominating set (DS)
problem of unit disk graph to an instance of our clustering
problem with R = 1 and unbounded W. O

A graph decomposition 7 that satisfies the requirements
of Definition 2 is called a feasible partition and every tree
T; € T is called a feasible delivery tree. From the clustering
problem formulation it is clear that the root of every feasible
delivery tree can serve as an access point. However, the
calculated trees are not necessary the ones that minimize the
relay-load of the cluster nodes. Minimizing the relay-load of



all the non-root nodes is important for reducing the energy
consumption of the nodes (especially in sensor networks)
and for failure recovery. Therefore, after calculating the
trees T = {T;(Ci, E;)} and their corresponding clusters, C;,
we would like to find at each cluster C; the access point and
its corresponding delivery tree that minimize the maximal
relay-load of its cluster nodes.

DEFINITION 3 (The relay-load problem). Given a clus-
ter C, a corresponding cluster graph G¢(C, Ec) and maz-
imal depth R. Find a node y € C and a spanning tree T
of Gc(C, E¢) rooted at node y with depth at most R that
minimizes the function, minyy {max,cc, -y} ho(T)}.

THEOREM 2. The relay-load problem is NP-hard.

Proof: We prove this theorem by mapping any instance of
the partition problem [20] to a corresponding instance of the
relay-load problem. O

From Theorem 1, we conclude that we cannot find algo-
rithm with approximation ratio better than the lower bound
of the dominating set problem. Generally, this lower bound
is In(A), where A is the maximal degree of the graph nodes.
The minimum dominating set problem remains NP-complete
also for unit disk graphs [19]. However, in such graphs a so-
lution within a constant factor of the optimum can be found.

5. THE CLUSTERING ALGORITHM

This section describes our clustering algorithm that sat-
isfies all the requirements of Definition 2. The algorithm
guarantees a solution within a constant factor of the opti-
mum and it uses the following property,

PrOPERTY 3. Consider a cluster C with cluster-head y €
C and cluster graph G¢(C, E). If for every node v € C
the distance dc(y,v) < R, then the depth of any SP tree
rooted at node y is at most R, and we say that the cluster C
satisfies the depth constraint.

The algorithm contains four stages. Initially, we select a
small set of cluster-heads such that their R-neighborhoods
cover all the nodes. From Property 3 follows that these
clusters satisfy the depth requirement. In the second stage,
each node is assigned to a single cluster without increasing
the radius of each cluster graph. Then, at each cluster we
select an SP tree rooted at the cluster head. If the selected
tree violates the weight or the relay-load requirements, it
is further divided into smaller trees (clusters) that satisfy
all the requirements of Definition 2. Finally, at each cluster
we use a simple heuristic for selecting an access point that
reduces the maximal relay-load of the cluster nodes. We use
the graph G(V, E) depicted in Figure 1 for demonstrating
the different stages of the algorithm, where R = 5, and
W = 10 and the weight of each node v € V is w, = 1.

5.1 Coverage with Bounded Radius Clusters

Consider a unit disk graph G(V, E) as described in Sec-
tion 2. The coverage algorithm looks for the minimal number
of cluster-heads such that their R-neighborhoods cover all
the nodes. This is the same as looking for the minimum
dominating set of the power graph G®(V, E®). In this sec-
tion we consider three coverage algorithms that guarantee
different approximation ratios.

The first approach employs the greedy set cover (SC) al-
gorithm of Chvatal [21] and it is termed a greedy SC cov-
erage algorithm. This is an iterative algorithm that selects
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Figure 5: An example of strip sets for L = 3 and 10
basic-bands.

at each iteration the node whose R-neighborhood contains
the maximal number of uncovered nodes. This algorithm
guarantees a solution with in a factor of log(A) from the op-
timum, where A is the maximal degree of the nodes in the
graph G®(V, EF).

In the following we present two additional approximation
algorithms that are based on Property 4.

PROPERTY 4. The R-neighborhood of any node v € V' of
the graph G(V, E) [the neighborhood of node v in GE(V, E®)]
is concentrated inside a circle of radius R around node v.

These algorithms guarantee approximation ratios that do
not depend on the number of nodes in the graph or its topol-
ogy. One algorithm is a polynomial time approximation
scheme (PTAS) based on the shifting strategy of Hochbaum
and Maass [16], which allows us to strike a balance between
quality of approximation and its running time. The other
algorithm is based on geometric properties of independent
sets in unit disk graphs. The latter provides a fast solution
with an error bound that linearly grows with R.

5.1.1 The Shifting Strategy Approach

The shifting strategy is a useful divide-and-conquer method
for bounding the solution error when dealing with geometric
problems that consider bounded size objects. In [16], it is
used for point-covering problems with bounded size disks.
We describe this method for a plane, objects with diameter
at most D and a shifting parameter L. Initially, the shifting
strategy divides the plane into vertical basic-bands of width
D. Then it uses the basic-bands to construct L different
sets of strips, denoted by Fi, F»> , ---, Fr. Each set con-
tains strips of width D-L (or less) that cover the entire area.
The set F; is defined by grouping every L consecutive basic-
bands to a single strip of width D - L starting from the left
most basic-band, as shown in Figure 5. The other sets are
defined by shifting each time the D - L strips one basic-band
to the right. Note that after L shifts the first set is received.
Let A be an algorithm for calculating a solution in any strip
of width at most D - L. We use algorithm A for calculating
a solution for every set Fj, [ € [1,L]. Among all the calcu-
lated solutions the best one is selected. As proven in [16],
the shifting strategy ensures the following upper bound.

THEOREM 3  (THE SHIFTING THEOREM). Let da be the
approzimation ratio of algorithm A and let Jii be the ap-
prozimation ratio of the shifting strategy when using algo-
rithm A and shifting parameter L. Then 631, < da-(1+1).

Let us now describe our shifting strategy coverage algo-
rithm. The latter uses a nested application of the shifting
strategy for calculating a small set of cluster-heads of the
graph G. Initially, It selects D = 2 - R as the width of a
basic-band. From Property 4 results that each cluster is
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(b) The optimal selection of cluster heads at each square.

(c) The calculated graph partition.
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Figure 6: An execution example of the shifting strat-
egy with R=5 and L =1.

covered by at most two basic-bands. The algorithm calcu-
lates L sets of vertical strips of width L - D, as we describe
above. Then, it applies the shifting strategy again on the
other dimension, and each strip is further divided into sets of
squares each one of size L- D x L-D. At each square, the al-
gorithm finds the optimal set of cluster-heads by performing
an exhaustive search, and selects the set of squares (strips)
Fy, 1 €[1, L] with the minimal number of cluster-heads.

ExAMPLE 4. Consider the graph shown in Figure 1 di-
vided into 3 squares with D = 2-L-R =2-1-5 = 10,
as depicted in Figure 6-(a). Figure 6-(b) presents the op-
timal sets of cluster-heads that cover the square nodes. As
illustrated by square III, such set may include nodes outside
the considered square boundaries (node c in this example).
However, the geometric distance of such cluster-heads from
the square boundary is at most R. Therefore, each square is
surrounded by a ring of width R around it, that defines an
ertended square, and its optimal cluster-head set is selected
from this square. Figure 6-(c) depicts the final partition
with 4 clusters, which is 1 + % = 2 times the size of optimal
partition. O

‘We now turn to calculate the running time and the approx-
imation ratio of the proposed algorithm.

LEMMA 1. The approzimation ratio of the coverage algo-
rithm is (1+ +)°.

Proof: According to the Shifting Theorem, at each strip a
solution within a factor of (1+ 1) is found. As a result, the
calculated partition is within a factor of (1 + +)? from the
optimum solution. O

LEMMA 2. The optimal cluster-head set of a square of

size2-L-Rx2-L-R contains at most (2% -L-R+1)
nodes.

Proof: The proof is based on geometric constraints. We
show that this is the maximal number of points that can be
arranged inside a square of size 2-L-R X 2-L - R, such
that the geometric distance between every pair of points is
at least 1. m|

LEMMA 3. The complerity of the coverage algorithm is
o (L2 : IVI(Q%'L'R+1)2+2>.

Proof: From Lemma 2, at each square the search routine

needs to check only combination of at most (2% -L-R+1)?
nodes for finding the optimal cluster-head set. The square
partition algorithm is called at most |V| - L times. So, the

3
complexity of the algorithm is O (L2 V@2 LRED?H2) g

COROLLARY 1. The shifting strategy coverage algorithm
1s polynomial time approzimation scheme (PTAS).

Finally, we present an improvement for the shifting strat-
egy, termed the overlap coverage improvement. The later
does not affect the approximation ratio, but it significantly
improves its average performance, as shown in Section 7. Let
F = {f1,f2,--+, fr} be a set of disjoint strips (or squares)
that covers the considered area and let Y; be the selected
cluster-heads for strip f;. Recall that for any adjacent pair
of strips f; and f;4+1, the clusters defined by Y; may also
cover some nodes of f;+1. Thus, if the sets Y; and Y41 are
calculated sequentially, the size of Y;y1 can be reduced by
selecting the minimal set of clusters that covers ”uncovered”
nodes in fi41.

5.1.2  The Dominating Independent Set Approach

The shifting strategy enables us to find a near optimal
solution with the expense of a high running time. In this
section, we present a "fast” greedy algorithm that selects
a dominating independent set (DIS) of the power graph
GR(V, E®) as the set of cluster-heads. The greedy DIS cov-
erage algorithm guarantees an approximation factor that is
linear with R.

To select a small dominating independent set Y we use a
greedy algorithm similar to the one presented in [21]. Let
Y be the set of selected cluster-heads, let V' C V be the
set of uncovered nodes and let n, = |[Ngr(v)(\ V| be the
number of uncovered nodes in the R- neighborhood of v.
Initially, Y + 0, V « V and for every v € V, n,, < |Nr(v)|.
At each iteration, the algorithm selects the node u € V
with the maximal n, value and adds it to Y. Recall that
the R-neighborhood of u contains the maximal number of
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(a) First iteration, selecting a node with n, = 31

Figure 7: An execution example of the greedy DIS
coverage algorithm.

uncovered nodes from all the nodes in 17.7 Then, the R-
neighborhood of u is removed from the set V' and for every
remaining node v € V its n, value is recalculated. This
step is done until all the nodes are covered, i.e., V = 0. We
now show that the final set Y is a DIS of GE(V, E®). Since,
the algorithm selects, at each iteration, a node v € V from
the set of uncovered nodes, the distance of v from any other
node y € V is more than R, i.e., d((v,y) > R. Given that
the algorithm ends when V = ), every node is included in
the R—-neighborhood of a node in Y.

ExaMPLE 5. For the graph depicted in Figure 1, the greedy

algorithm calculates a set with 2 cluster-heads, as depicted
in Figure 7. The number near each node represents its cur-
rent n, value. O

We turn to calculate the approximation ratio of the pro-
posed algorithm. Let H, be the cluster graph defined by
the R-neighborhood of any node v € V and let HZ be the
R-th power graph of H,. We denote by M(R) the upper
bound on the size of any independent set of HE. The proof
of Lemma 4 is given in Appendix A.

LEMMA 4. The size of any independent set of the graph
HE is at most M(R) < 8- R+ 10.

LEMMA 5. Let IS be any independent set of the graph
GR(V,E®) and let DS* be its minimum dominating set.
Then, |IS| < M(R) - |DS™|.

Proof: Since DS* is a dominating set of G®, each node
v € V is included in the R-neighborhod of at least one node
in DS*. From Lemma 4, the set IS contains at most M(R)
nodes from the R-neighborhod of any node in DS*. As a
result, |IS| < M(R) - |DS™|. |

COROLLARY 2. The approzimation ratio of the greedy DIS
coverage algorithm is M(R).

(4.d)

(a) The set of cluster-heads in each 5-neighborhood.

(b) The partitioning to disjoint clusters with radius at most 5.

Figure 8: An execution example of the partition re-
finement algorithm.

5.2 Creating Disjoint Clusters

The coverage algorithms in the first stage find small num-
ber of clusters that contain all the graph nodes, however
these clusters may overlap. In the second stage, the clus-
ter refinement algorithm separates these clusters to disjoint
connected clusters. Let Y be the set of cluster-heads and
assume that every cluster is represented by its cluster-head
y; € Y. The algorithm associates each node with its closest
cluster-head y; € Y, and breaks ties be selecting the cluster-
head with the lowest ID. Since, all the nodes are covered by
the clusters defined by Y, the selected cluster-head of each
node is included in its R-neighborhood and their distance is
at most R.

ExXAMPLE 6. In Figure 8 we demonstrate an execution
of the cluster refinement algorithm when the input is the
four cluster-heads described in Figure 6-(c). Figure 8-(a)
presents, for each node v, the list of cluster-heads in its R-
neighborhood sorted according to their distance from v. The
partition to disjoint clusters is presented in Figure 8-(b). O

LEMMA 6. The cluster refinement algorithm defines |Y |
disjoint connected clusters that contain all the graph nodes
and satisfy the depth requirement.

Proof: It is clear that the cluster refinement algorithm cre-
ates |Y| disjoint clusters. We only have to show that these
clusters are connected and their radius is at most R. The
latter results from the next observation. Suppose that node
v € V is associated with a cluster-head y; € Y, then every
node w along any shortest path from v to y is also associated
with y;. Thus, the cluster of y must me connected and its

radius is at most R. m|
5.3 Satisfying the Weight and the Relay-load
Requirements

In the third stage, the weight partition algorithm selects
an SP tree for each cluster rooted at the cluster-head. If



the SP tree violates either the weight or the relay-load con-
straints it is divided into smaller sub-trees that meet all the
requirements. Our algorithm extends the clustering scheme
of Banerjee and Khuller [15] and uses the next property of
unit disk graphs, proven in [15].

PROPERTY 5. The mazimum independent set of the graph
defined by the neighborhood, N(u), of any node u has at most
5 nodes, i.e., M(1) = 5.

Consider a cluster C' with cluster head y € C. Initially,
the algorithm calculates an SP tree, T, of the cluster graph
rooted at node y. Recall that the depth of T is at most R
and let us denote by T, the sub-tree of T rooted at node
u. Then, the algorithm performs a post-order tour of the
tree, in which it calculates the total weight, Wiree(u), of
every sub-tree Ty, u € C'. Each time, a sub-tree T, that vi-
olates the relay-load requirement is found, i.e., Wiypee (u) >
(W + w,)/2, it is removed from T and becomes a separate
delivery tree rooted at node u. Since, the relay-load con-
straint is specified only for non-cluster-head nodes, the new
tree satisfies the relay-load requirement. If, in addition, the
total weight of T, exceeds the weight constraint, we use a
local pruning routine for dividing T, into minimal number
of trees that satisfies also the weight requirement.

Consider a sub-tree T, with weight more than W and
let K, be the children of u. We denote by Wiree(v) =
> ser, Wa the total weight of the nodes in the sub-tree 7.
For every set of nodes, S let Wiree(S) = 25,5 Wiree(v)-
The local pruning routine minimizes the number of newly
generated trees in the following way. It divides K, into a
small number of sets, such that each set S and its related
sub-trees T,, v € S induce a tree that meets the depth,
weight and relay-load requirements. While the weight of
the tree T, is more than W, Wirce(u) > W, the routine se-
lects the set S with the maximal Wiree(S) weight, removes
S and its associated sub-trees from T, and updates the tree
weight, i.e., Wiree(t) < Wiree(t) — Wiree(S). The set S
and its attached sub-trees become a new tree (cluster).

It is clear, that an efficient partition of K, into a small
number of sets is essential for achieving low approximation
ratio. The local pruning routine minimizes the numbers of
sets by using an iterative method that creates a single set at
each iteration. Let ) C K, be the set of nodes that are not
assigned to any set S. At the beginning Q + K,. While @ is
not empty the routine performs the following loop. It selects
a seed node, v € @Q, removes it from ) and creates a new
set S = {v} with Wiree(S) < Wiree(v). While there is any
node z € N(v) [ Q such that Wiyee () + Weree(S) < W, the
routine adds x to the set S, removes x from ) and updates
Wiree(S) = Wiree(S)+Wiree(x). At the end, by connecting
node v with the other nodes in S, a new tree, T”, is defined.
Thus, the trees calculated by the weight partition algorithm
satisfy all the requirements of Definition 2.

ExAMPLE 7. Consider the 4 clusters calculated in Exam-
ple 6 and let W = 10. In this example, cluster ¢ violates the
weight requirement and the SP tree of cluster d violates the
relay-load constraint. We illustrate the weight partition of
cluster ¢ in Figure 9. The solid lines represent the SP-tree T'
and the nodes are enumerated according to the post-order-
tour starting from node c¢. The sub-tree, T,,, routed at node
u (number 11) has a weight Wiyee(u) = 11 > W. Therefore,
it violates both the relay-load and the weight requirements.
The local pruning routine overcomes this weight violation
by removing T, from T and dividing it into two smaller

Figure 9: An execution example of the weight par-
tition algorithm.

Figure 10: The final partition of the graph.

clusters. Similarly, the tree T, (node v = 17) violates the
relay-load requirement, as Wiree (T) = 6 > (10+1)/2 = 5.5,
and it is removed from 7. Consequently, the entire graph
is divided into eight clusters that meet all the requirements,
as depicted in Figure 10. m|

We now present the approximation ratio of the weight
partition algorithm. This ratio is independent of the used
heuristics for selecting the SP tree or the seed nodes and the
proofs of Lemmas 7 and 8 are given in Appendix B.

LEMMA 7. The weight partition algorithm divides the clus-
ter graph into disjoint trees that contain aoll the cluster nodes
and satisfy the depth, relay-load and the weight constraints.

LEMMA 8. Let Woum be the average weight of a cluster
defined by the weight partition algorithm. Then Weum >
W/3 and the approzimation ratio of the weight partition al-
gorithm is 3.

5.4 Reducing the Maximal Relay Load

So far, we described the algorithms for partitioning the
graph into small number of trees that satisfy the clustering
requirements of Definition 2. Each tree T;(Cj, E;) represents
a cluster of nodes C; served by an access point that is located
at the tree root, y; € C;. However, a calculated tree T; is not
necessary the optimal tree for minimizing the maximal relay-
load of the cluster nodes. For instance, in Figure 10, each
one of the tree roots of the clusters d, f and g has a single
child. Thus, we can reduce the maximal relay-load at each
one of these clusters by selecting as an access point a node
that is closer to the tree center. According to Theorem 2,
finding the optimal delivery tree of a cluster is NP-hard.
Here, we propose a simple heuristic for reducing the maximal
relay load. The heuristic considers all the nodes v € C; that
can serve as root of the tree T; without violating the depth
requirement, and selects as the access point the one that
minimizes the maximal relay-load.



@ The new location of an access point. -~
© The previous location of an access point.

Figure 11: The final partition of the graph.

| Evaluated alg. (R=1)[[L=1]L=2]L=3]
Shift alg. 277 252 231
Improved Shift alg. 243 229 220

Table 1: The number of calculated clusters by the
shifting algorithm for R = 1 and L € [1,3] without
weight constraint.

ExAMPLE 8. Figure 11 presents the new locations of the
access points. The current maximal relay-loads of clusters e
and g are 0 and 2, respectively (instead of 4 before). ]

6. THE APPROXIMATION RATIO OF THE
CLUSTERING ALGORITHMS

This section presents the approximation ratios of the pro-
posed clustering algorithms. The algorithms are termed ac-
cording to the coverage scheme that they apply; the shift-
ing clustering algorithm, the greedy DIS clustering algorithm
and the greedy SC clustering algorithm.

THEOREM 4. The approzimation ratio of the shifting clus-
tering algorithm is (1+ +)° + 3, where L is the shifting pa-
rameter.

Proof: Let OPT be the size of the optimal partition. Ac-
cording to Lemma 1, the number of clusters produced by
coverage algorithm is at most (1++)*-OPT. From Lemma 6,
the cluster refinement algorithm does not increase the num-
ber of clusters. From Lemma 8 follows that the number of
clusters added by the weight partition algorithm is at most
3 - OPT. Thus, the total number of clusters is at most
[(1+ $)*+3]-OPT. m|
Moreover, the time complexity of shifting clustering algo-

rithm is O (L2 i |V|(2%'L'R+1)2+2>.

THEOREM 5. The approzimation ratio of greedy DIS clus-
tering algorithm is M(R) + 3 = 8- R + 13, where R is the
mazimal depth.

THEOREM 6. The approzimation ratio of greedy SC clus-
tering algorithm is log(A) + 3, where A is the size of the
mazimal R-neighborhood.

The proofs of Theorems 5 and 6 are similar to the proof of
Theorem 4 and the running time of the greedy algorithms is
O(|[V]?). Although, these algorithms have different approx-
imation ratios, on average they yield similar results, as we
show in Section 7.

-« D-Cluster Alg
=--Naive DIS Alg
—a— Gready DIS Alg.
—— Gready SC Alg.
-o- Shift Alg (L=1)
—— Improved Shift Alg (L=1)

1 2 3 4
The depth requirement R.

Figure 12: A comparison between the different cov-
erage algorithms (without weight constraint).

= Gready DIS Alg (W=10).
—& Gready SC Alg (W=10)
e Improved Shift Alg (W=10)
-8 Gready DIS Alg (W=20).
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—e- Improved Shift Alg (W=20)
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Figure 13: A comparison between the different al-
gorithms with weight constraint W = 10 and 30.

7. SIMULATION RESULTS

We compared by simulations the performance of the three
algorithms proposed in this work and other algorithms de-
scribed in the literature. The algorithms are evaluated by
the number of clusters that they produce. In our simulation
we evaluated separately the following coverage algorithms;
of R and L and the considered algorithms are; the greedy
SC algorithm presented in Section 5.1, the shifting algorithm
described in Section 3. 1.1 with and without the overlap cov-
erage improvement®, the greedy DIS algorithm described in
Section 5.1.2, the D-cluster algorithm presented in [12] and
a naive DIS algorithm that finds arbitrary DIS sets. Then,
we also compared the sizes of the final solutions that sat-
isfy also the weight and the relay-load constraints. Selected
typical results of our simulations are given in Figures 12—
14 and Table 1 for different values of L, R and W. Due to
space limitation, we present the number of clusters produced
by the different algorithms for a single network with 1000
nodes, that are uniformly distributed over a square area of
size 30 x 30 (The transmission range of very node is a cir-
cle with radius 1). Additional simulations of other networks
with various sizes yield very similar results.

Initially, we evaluated the effect of the shifting parameter
on the performance of the two variants of the shifting algo-
rithm with R = 1 and unbounded cluster weight. Table 1

“The ”improved shift alg” denotes the shifting algorithm
with the overlap coverage improvement.
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Figure 14: Performance evaluation of the greedy
DIS algorithm for different values of R and W.

summarizes our results and shows that indeed better results
are obtained by increasing the shifting parameter L. How-
ever, this improvement is minor relative to the significantly
expansion of the simulation running time. From Table 1, we
conclude that the improved shifting algorithm obtains near
optimal results also for L = 1 and we use this value in the
rest of our discussion.

Figure 12 presents the number of clusters calculated by
the different coverage algorithms without the weight con-
straint. It shows that the greedy SC, greedy DIS and the
improved shifting algorithms yield very similar results close
to the optimal one and outperform the D-cluster and the
naive DIS algorithms (therefore, we omit the latter two from
the following charts). Moreover, the improved shifting al-
gorithm finds slightly better solution than the two greedy
algorithms. Figure 13 confirms this observation also when
W = 10 and 20. Figure 13 also shows that the number of
required access points is significantly smaller in multi-hop
systems than in single-hop systems, even if W is small. Fi-
nally, Figure 14 presents the number of clusters calculated
by the ”greedy DIS alg.” for different values of W and R.

Moreover, Figures 13 and 14 present an unexpected result.
Intuitively, for a given weight W, we expect the number of
clusters to decrease by increasing the value of R until it con-
verges to some value. In practice, our simulations show that
for every W there is an optimal depth, R*, that minimizes
the number of clusters and after this point more clusters are
created. As an example, for W = 10 the optimal depth is
R* = 2 or 3 (depend on the applied algorithm), while for
W = 20 the optimal depth is R* = 4 or 5. This phenomenon
results from the efficiency of the weight partition algorithm.
Since, the weight partition algorithm allows the average clus-
ter size to be as small as W/3, it produces clusters that are
small in comparison to those of the optimal partition. As
a result, a large value of R yields smaller number of clus-
ters with radius R (calculated by a coverage algorithm), but
these clusters exceed the weight constraint and are further
divided into many small clusters. Consequently, we conclude
that efficient solution requires a balance between the weight
and the depth parameters.

8. CONCLUSIONS AND FUTURE WORK

This work presents an efficient and low-cost infrastructure
for connecting static multi-hop wireless networks with fixed
backbone network. This infrastructure can be used for re-

ducing the cost of BWA systems and for accessing sensor
networks. It presents clustering algorithms that partition a
given wireless network into a forest with small number of
trees, when each tree serves as delivery tree of a single ac-
cess point. For QoS assurance, these trees also satisfy depth,
weight and relay-load constraints. The work also describes
an efficient delivery mechanism that maximizes the cluster
throughput without violating the given QoS constraints. Al-
though, the paper consider most of the design aspects of the
proposed infrastructure, it leaves some open questions. For
instance, the design of a recovery mechanism and finding an
efficient algorithm for the relay-load problem.
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APPENDIX
A. THE PROOF OF LEMMA 4

This proof is based on geometric considerations and we con-
sider R > 3. Assume a cluster graph, H,, defined by the
R-neighborhood of any node v € V and let HF be the
R-th power graph of H,. Let IS be the maximum inde-
pendent set of HE. We divide the set IS into two subsets
IS¢ar,ISnear CIS. The sets ISfqr and ISpeqr contains all
the nodes of IS that their geometric distance from node v
is at least or at most |£] + 1, respectively. Let Mya,(R)
and Mpeqr(R) be the upper bounds of ISfq, and ISneqr,
correspondingly. For every node u € IS let P(u) = {u =
Zo, %1, ,Zx = v}, k < R, be its shortest path to node
v and let p(u) = {u = zo, 21, - ,zs} be the prefiz of size
J = | &3] of P(u). Recall that every node u € IS, except
at the most one, has |P(u)| > R/2. Thus, it has a prefix
of size J. We say that two prefixes p(u1) and p(us2) are re-
mote if the distance of every pair of nodes z1 € p(u;) and
z2 € p(uz) is at least 1. Since the hop count distance of
every pair ui,us € IS is d(u1,u2) > R, their prefixes must
be remote. Thus, the maximum possible independent set
is obtained by maximizing the number of remote prefixes.
Now we turn to calculate the maximal number of remote
prefixes in IS¢q, and ISneqr-
Claim 1: For R > 3, Myq,(R) <4-R.
proof: The distance of v from the J-th node, z; € p(u), of
every u € ISyq, is at most R— [ £52] = |£] + 1. Thus, the
size of IS¢, is bounded by the number of suffixes that their
last nodes are included inside the circle of radius |£] + 1
around node v. From geometric constraints, this number
upper bound by 4 - R. O
Claim 2: For R > 3, Mpear(R) < 4- R+ 10.

proof: This proof is based on associating a maximal area
A(u) to the suffix of each node u € ISpeqr, such that for
any pair ui,us € ISnear the areas A(u1) and A(uz) do not
intersect. From geometric constraints, the size of such area
A(u) is at least m - R/16. Thus, the number of nodes in
ISycar is bounded by Myear(R) < % - (R?+2-R+1). O
Thus, from claims 1 and 2, we get that M(R) < 8- R+ 10.

B. THE APPROXIMATION RATIO OF THE
WEIGHT PARTITION ALGORITHM

‘We now prove the correctness and the approximation ratio
of the weight partition algorithm (see Section 5.3). Initially,
we show that the algorithm meets all the requirements.

Proof of Lemma 7: The algorithm defines an SP-tree T
and divides it into smaller sub-trees. Thus, every node is
included in exactly one tree. Every sub-tree of T that vi-
olates the weight and the relay-load constraints is removed
from T and divided into smaller sub-trees. Thus, the calcu-
lated trees meet also these two requirements. Every new tree
rooted at any node u is created by merging several sub-trees
T,, v € N(u). The depth of every sub-tree T,, v € C — {y}
is at most R — 1. Therefore, the depth of the resulting tree
is at most R and the calculated trees satisfy also the depth
requirement. O
Moreover, it can be shown that the algorithm running
time is O(|V|®). Let us now turn to calculate the algorithm
approximation ratio. Consider a connected cluster graph
Gc¢(Ve, E¢) that satisfy the depth requirement and let y be
its cluster-head. We denote by T the SP-tree calculated by
the algorithm. Lemma 9 results directly from Property 5.

LEMMA 9. The mazimum independent set of the graph
induced by the set of children K., w € Vo —{y}, has at most
4 nodes.

LEMMA 10. Let S be a collection of sets calculated by the
local pruning routine. Then S contains at most 4 sets S € S
with Wiree(S) < W/2.

Proof: Consider a set K, and its partition into sets, S. Let
S’ C S be the collection of sets S € S with Wiree(S) <
W/2 and suppose, in contrast, that |S’| > 4. From, the
algorithm results that the seed nodes of the sets S € &'
define an independent set of the graph induced by K,,. But,
this contradicts Lemma 9. O

LEemMA 11. Consider a partition of a given sub-tree T,

u # y, to k clusters by the local pruning routine. Then
k < 3 Wiree (u)
A

Proof: Let Ci,..,Ck be the clustered created by the local
pruning algorithm labeled according to their creation order.
Each cluster C;, 1 < j < k, is associated with a single set
S; C K. Hence, Wyum(Cj) = Wiree(S;). From Lemma 10,
the routine may define at most 4 sets S such that Wiyee (S) <
W/3. In such case at least the two smallest sets remain
connected to node u, (assuming w, < W/3). From this we
conclude that for every 1 < j < k — 3, Woum(C;) > W/3
and Wsum(ck—2) + Wsum(ck—l) + Wsum(Ck) >W. O

COROLLARY 3. Let y be the root of the tree T and con-
sider and assume a partition of the tree Ty to k clusters by
the local pruning routine. Then k < W”T‘”(y).

LEMMA 12. The approzimation ratio of the weight parti-
tion algorithm is 3.

Proof: Let OPTw be the number of clusters in the op-
timal partition of G¢(Ve, Ec) to connected clusters that
satisfy all the requirements, and let RESw be the number
of clusters created by the weight partition algorithm. Re-
call that RESw — 1 clusters are created by the local prun-
ing routine and an additional cluster contains the cluster-
head y. According to Lemma 11 and Corollary 3, RESw <
3Weum (@) 11, Moreover, OPTw > [Weum(T)/W1]. Since,
RESw and OPTw are integers follows that RESw < 3 -
OPTw. O



