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Abstract. We study efficient algorithms for establishing reliable con-
nections with bandwidth guarantees in communication networks. In the
normal mode of operation, each connection uses a primary path to de-
liver packets from the source to the destination. To ensure continuous
operation in the event of an edge failure, each connection uses a set of
backup bridges, each bridge protecting a portion of the primary path. To
meet the bandwidth requirement of the connection, a certain amount of
bandwidth must be allocated on the edges of primary path, as well as on
the backup edges. In this paper, we focus on minimizing the amount of
required backup allocation by sharing backup bandwidth among differ-
ent connections. We consider efficient sharing schemes that require only
partial information about the current state of the network. In particu-
lar, the only information available for each edge is the total amount of
primary allocation and the cost of allocating backup bandwidth on this
edge. We consider the problem of finding a minimum cost backup allo-
cation together with a set of bridges for a given primary path. We prove
that this problem is NP-hard and present an approximation algorithm
whose performance is within O(logn) of the optimum, where n is the
number of edges in the primary path.

1 Introduction

Modern communication networks are expected to provide a certain level of Qual-
ity of Service (QoS) guarantees and also be resilient to failures. A widely used
approach to achieve this goal is to provision for each connection a primary path
and a set of backup paths. The primary QoS path is used during normal network
operation; upon failure of a network element (node or edge) in the primary path,
the traffic is immediately switched to a backup path. To provide QoS guarantees,
a certain amount of bandwidth must be reserved on each edge of the primary
path, as well as on the backup edges.
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Fig. 1. (a) A primary path and a set of bridges {B, ..., B4}; (b) Activation of bridge
Bs upon failure of an edge (vs, vs) (c) Sharing of backup edges by two connections

In this paper we employ a local restoration method in order to facilitate
resilience to edge failures. In this method we provision a set of bridges, each
bridge protecting a portion of the primary path. A bridge is a path between two
nodes of the primary path that shares no common edges with it. Upon failure of
an edge in the primary path, the traffic is switched to one of the bridges. Fig. 1(a)
depicts an example of a primary path P and a set of bridges {Bi,..., B4} that
protect edges of P. Fig. 1(b) depicts the backup path used upon failure of edge
(vs,v6) of P. The backup path is formed by substituting the subpath {vy, ..., v}
of P by bridge Bs.

Due to budget constraints, resilience and survivability must be built into
a network in an efficient manner, that is, the amount of bandwidth dedicated
for this purpose must be minimized. An attractive way to achieve this goal is
by sharing backup bandwidth among multiple connections. Sharing of backup
bandwidth is possible due to low probability of simultaneous failures of multiple
edges in the network. Fig. 1(c) shows an example of two connections that share
several backup edges. The connections use Pand P as primary paths and share
backup edges (uy,us), (us,uq), (us,ug), and (urz,ug).

We consider a practical network setting, in which the source node of the
connection computes both the primary path and a set of bridges. The source
node has only partial information about the current state of the network. In
particular, for each edge e, the following two parameters are given:

1. f. - The total amount of bandwidth provisioned by the primary paths that
use edge e;
2. ¢(b) - The cost of allocating b units of backup bandwidth on edge e.

We use the first parameter, f., to ensure that upon failure of edge e, all
primary paths that use e are protected. To this end, we reserve along each edge
of the bridge B that protects e at least f. units of bandwidth. Indeed, in the
worst case scenario all traffic that uses a failed edge e may be re-routed via
bridge B.

The function ¢, (b) specifies the cost of allocating b units of backup bandwidth
on edge e. This function may depend, for example, on the amount of backup
bandwidth provisioned on e by prior connections. Indeed, in the case when edge
e has a large amount of bandwidth provisioned by other connections, the cost of
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allocating b units of backup bandwidth for the current connection may be small
or even zero.

The partial information model used in this paper is inspired by the paper of
Kodialam and Lakshman [I]. This paper provides an empirical evidence that par-
tial information model facilitates efficient sharing of backup bandwidth, resulting
in a reduction in the total amount of backup bandwidth reserved throughout the
network. At the same time, the model requires only a small amount of routing
information that needs to be disseminated in the network (only a few parameters
per each edge in the network).

Our Results. In this study we consider the problem of finding a minimum cost
backup allocation together with a set of bridges for a given primary path. We
prove that this problem is A/P-hard and present an approximation algorithm
whose performance is within O(logn) of the optimum, where n is the number of
edges in the primary path.

We prove that this problem is AP-hard. However, we show that, by exploit-
ing a certain combinatorial structure of the problem, we can devise an efficient
approximation algorithm that achieves an approximation ratio of 8logn. The
computational complexity of our algorithm is O(n3(|E| + |V|1log|V])), where n
is the maximum number of edges in the primary path. Our algorithm can be
easily extended for the problem of finding both a primary path and backup al-
location. While the ideas that led to the development of our algorithm as well
as the performance proofs are rather involved, the algorithm per se is relatively
simple and easy to implement.

Proof Techniques. We analyze important properties of the problems related
to bandwidth allocation with backup sharing. Specifically, we identify internal
edge sharing as a major obstacle to finding an efficient solution. Internal edge
sharing refers to the situation in which bridges that protect the same primary
path share edges (see e.g. Fig. 2). We prove by employing involved combinatorial
techniques that for any given primary path there is an optimal set of bridges
such that each edge is included in at most 8 logn bridges, where n is the number
of edges in the primary path.

This property allows us to construct an approximation algorithm based on
local optimization. Specifically, we define the local cost of a bridge to be the sum
of the costs incurred at its edges. Our goal is then to find a set of bridges that
protect all edges in the primary path such that the total local cost of all bridges
is minimal. We show that such a solution has a certain hierarchical property and
present an algorithm based on dynamic programming that identifies an optimal
set of bridges with respect to local costs. We note that this approach effectively
ignores internal sharing. Indeed, since the cost of each bridge is computed inde-
pendently of other bridges, an edge can contribute to the cost of several bridges.
However, since each edge appears in at most 8logn bridges, the cost of our
solution is at most 8logn times higher than the optimum.

Related Work. Sharing of backup resources as a means for improving network
performance was proposed by [1I2]. The network design problems in the context
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Fig. 2. Internal sharing. Bridges B1 = {v1,u1,u2,v2} and B2 = {v3,u1,u2,vs} share
an edge (u1,u2).

of backup sharing were investigated by [3l4]. In particular, [3] studied a simple
model in which edges that belong to primary and backup paths are assigned
different costs while [4] focused on the restoration problems in the Hose model.
Papers [5-7] investigated practical aspects of path restoration. Several heuristic
methods, based on linear programming for partial information model, were pro-
posed in [I]. The current study is the first one to provide efficient approximation
algorithms for computing shared backup allocation in the partial information
model.

Due to space constraints, some proofs and technical details are omitted and
can be found in the full version of this paper.

2 Model and Definitions

We represent the network by an undirected graph G(V, E), where V is the set
of nodes and E is the set of edges. An (s, t)-path is a sequence of distinct nodes
P = {s = vy,v1,...,t = v, }, such that, for 1 < i < n, (v;_1,v;) € E. Here,
n = |P| is the hop count of P. We denote by E(P) the set of edges of P. The
subpath of P that extends from v; to v; is denoted by Py, o,)-

A unicast connection links a source node s with a destination node ¢. In
a normal mode of operation, the packets are sent over the primary path P =
{s =wp,v1,...,t = v,}. To ensure continuous operation in the event of an edge
failure, we provision a set of bridges B = {Bi, Ba, ..., By} that protect edges
in the primary path. A bridge B; = {s;,...,t;} is a path between s; € P and
t; € P that has no common edges with the Subpath P(S t;) of P. We say that
a bridge B; = {s;,...,t;} protects an edge e € P(Si) t;) if upon failure of edge e
the traffic is switched from P(s,-,t,-) to B;. We denote by (B;) the set of edges
in the primary path protected by bridge B;. The set of edges that belong to
bridges in B is denoted by E", i.e., = {e € B; | B; € B}. For each edge
(vi—1,v;) € P we denote by e the total amount of primary bandwidth
reserved on (v;—1,v;).

To ensure continuous operation in the event of an edge failure, we reserve
a certain amount of bandwidth on each edge in E”. In the partial information
model, the backup reservation w(e) on each edge e € B; must satisfy:

WO 2 T T o

The reason for such a conservative approach is to guarantee that all primary

paths that use edge (v;—1, v;) can be restored in the event of a failure of (v;—1,v;).
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Indeed, since we have no information about the backup paths used by other
connections, we make a worst-case assumption that all backup traffic triggered
by a failure of (v;_1,v;) is routed via edges of bridge B;.

Since an edge e € E” can belong to multiple bridges, the backup w(e) reser-
vation on edge e must satisfy:

w(e) > max max . . 2

( ) = BjceB; (vio1v)ee(By) f(’Uz—l,Uz) ( )

For each edge e € E we are given a function ¢, (b) that specifies, for any b > 0,

the cost of reserving b units of backup bandwidth on edge e. We assume that

functions c¢.(b) are monotonically increasing and can be computed in constant
time.

Backup Allocation Problem

In the backup allocation problem, our goal is to find a restoration topology R for
a given primary path P= {s =wvp,v1,...,t = v, }. A restoration topology R is
specified by a 4-tuple {B, E”, ¢, w}, where B is a set of bridges { By, Ba, ..., Bi};
E" ={e € B; | B; € B} is the set of edges that belong to bridges in B; ¢ : B —
2E(P) g a function that specifies, for each bridge B; € B, the set of edges in the
primary path protected by B;; and w : E” — Z is a function that specifies the
amount of backup bandwidth we need to allocate on each edge of E".
A feasible restoration topology must satisfy the following conditions:

1. Each edge in the primary path P must be protected by a bridge in B, i.e.,
for each (v;—1,v;) € P there is a bridge B; € B, such that (v;_1,v;) € p(B;).
2. The backup allocation w(e) on each edge e € E" must satisfy Equation (2).

The cost C(’IA%) of the restoration topology is defined to be the cost of its
edges, ie., C(R) = > ecir Ce(w(e)), where c. is the cost function associated
with edge e. Our goal is to find a restoration topology of minimal cost. We refer
to this problem as Problem BA (Backup Allocation) and denote the minimal
cost of a solution to Problem BA by OPT. In the full version of this paper we
show that Problem BA is A/P-hard.

3 Properties of the Optimal Backup Allocation

The main obstacle in finding an optimal solution to Problem BA is the fact that
different bridges in R can share edges. Such internal sharing is one of the reasons
of the A'P-hardness of the problem. In this section we prove that there exists a
restoration topology R = {B, E”,¢,w} such that C(R) = OPT and each edge
e € E" belongs to at most 8logn bridges of B, where n is the number of edges
in the primary path.

Theorem 1. Given a primary path ]5, there exists a restoration topology R =
{B,E", p,w} for P such that C(R) = OPT and each edge e € E" belongs to at
most 8logn bridges of B, where n = |P)|.
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Fig. 3. Bridges with common prefix (a) and suffix (b)

In Section 4, we use Theorem 1 in order to devise an approximation algorithm
for Problem BA. The algorithm finds a restoration topology R whose cost is at
most 8logn times more than OPT. The rest of this section is devoted to the
proof of Theorem 1.

We begin by introducing the following notation. Let B; = {s;,...,t;} be a
bridge in B. A subpath {s;,...,v} of B; is referred to as a prefiz of B;. Similarly,
asubpath {v, ..., t;} is referred to as a suffiz of B;. We say that two bridges B; =
{8iy...,t;} and B; = {sj,...,t;} share a prefiz if there exists a node v € B; such
that the prefix {s;,...,v} of B; is identical to the prefix {s;,...,v} of B; and
the suffixes {v,...,%;} and {v,...,¢;} of B; and B, are mutually edge-disjoint.
Similarly, we say that two bridges B; = {s;,...,t;} and B; = {s;,...,t;} share a
suffiz if there exists a node v € B; such that the suffix {v, ..., t;} of B; is identical
to the suffix {v,...,t;} of B; and the prefixes {s;,...,v} and {s;,...,v} of B;
and B; are mutually edge-disjoint. Fig. 3 depicts examples of bridges that share
a prefix and a suffix.

3.1 Outline of the Proof

Let P = {s =wvg,v1,...,t = v,} be a primary path and let R = {B, E", p,w} be
a restoration topology for P such that C (R) = OPT and the number of edges
in " is minimal. We construct a restoration topology R = {Iﬁ%, E", $,w} that
satisfies condition of the theorem. The restoration topology R is formed from R
by modifying the set of bridges B and the bridge assignment function ¢. The set
of backup edges E™ and backup allocation w of R is identical to that of R.

Our proof includes the following steps:

1. First, we construct a restoration topology R = {B, E", @, w} that satisfies
the following property. Let B; = {s;,...,t;} and B; = {sj,...,t;} be two
bridges of B such that there exists an edge (x,y) that appears in both bridges
(in the same direction). Then, bridges B; and B; either share a suffix or share
a prefix (see Fig. 4).

2. Then, we show that the exist a partition 7 = {S;} of B = {B1,Ba,...,B;}
such that: (i) For each subset S; of 7 it holds that either all bridges in S;
share a prefix or all bridges in S; share a suffix. (ii) Each edge e € E" belongs
to bridges of at most four different subsets of .

3. Finally, we prove the following assertion. Let S; be a subset of bridges in B
such that either all bridges in S; share a prefix or all bridges share a suffix.
Also, let E(S;) C E" be the set of edges that belong to bridges in S;, i.e.,
E(S;) = {e € B |B € S;}. Then, there exists a set of bridges S; such that
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Fig. 4. An example of a restoration topology that satisfies the condition of Step 1

(i) E(S;) C E(S;), where E(S;) = {e € B |B € S;}; (ii) Set S; protects the
same set of edges as S, i.e., each edge (vi—1,v;) € P protected by a bridge
in S; is protected by a bridge in S;; (iii) Each edge e € E(S;) belongs to at
most 2logn bridges of S;.

It is easy to verify that the union of all sets S; that correspond to sets in 7
satisfies the requirement of the theorem.

Step 1. Let P = {s = wvg,v1,...,t = vy} be a primary path and let R =
{B, E", ¢, w} be an optimal restoration topology for P. We show how to construct
a set of bridges B and the corresponding bridge assignment function @ such that
any two bridges in B that have an edge in common either share a prefix or share
a suffix.

Let G" be a subgraph of GG induced by edges in E". Each edge e € G" has a
backup reservation w(e) in R. We introduce a new bottleneck metric for paths
in G" with respect w(e). Specifically, given a path P in G" we define the weight
of the path B(P) to be the smallest amount of backup reservation of an edge in
P,ie., B(P)=min.pw(e).

Next, we define two functions, 7(v) and v(v), for each node v € G”. Function
7(v) maps a node v € G" to a node v; € P, while function ~(v) maps a node
v € G" to a path between 7(v) and v in G”. In order to define 7(v) and v(v),
we identify a tree 7,, that connects v; € P with the rest of the nodes in G"
such that each path P = {v;,...,u} € 7,, has the maximum bottleneck weight
among all paths that connect v; and v in G".

The function 7(v) is defined as follows. If v is a node in the primary path
P, then 7(v) = v. Otherwise, 7(v) is equal to the node v; € P that satisfies the
following conditions (i) The path between v; and v in 7, has more bandwidth
than any other path between v; € P and v. (ii) The distance (in hops) between s
and v; in P is smaller than that of any other node v; € P that satisfy condition
(1).

The second function, v(v), is defined as follows. If v belongs to the primary
path P, then ~(v) is an empty path. Otherwise, y(v) is a path between v; = 7(v)
and v in 7,,.

We are ready to describe the construction of the set of bridges B. For each
edge (v;_1,v;) € P, we identify a bridge B; as follows. Let Bj ={sj,...,t;} €B
be a bridge in R that protects edge (v;—1,v;). Let (z,y) be an edge of B; for
which it holds that 7(z) is a predecessor of v;_; in P and 7(y) is a successor
of v; in P. Note that such an edge must exist because 7(s;) is a predecessor of
v;—1 and 7(t;) is a successor of v;. Then, we set B; to be a concatenation of path
~v(x), edge (x,y), and a path vy(y) (in a reverse direction). Note that for any
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node v € y(z) it holds that 7(v) = 7(x) and for each node v € ¥(y) it holds that
7(v) = 7(y). This implies that paths v(x) and v(y) are mutually node-disjoint.
This fact, in turn, implies that B; is a simple path (i.e., does not include a cycle).

In the following lemma we prove that bridges in B satisfy the required prop-
erty.

Lemma 2. Let B; and [;’j be two bridges in B that share an edge (x,v), i.e.,
(x,y) € B; and (z,y) € B;. Then, B; and B; share either a prefiz or a suffiz.

Proof. We consider three cases. In the first case it holds that 7(z) = 7(y) and
r is an ancestor of y in 7,,. In this case y(y) is a prefix of both bridges B; and
B;. Indeed, if y(y) is a suffix of B; then B; contains a loop {z,y, z}, resulting in
a contradiction. In the second case 7(z) = 7(y) and y is an ancestor of x in 7,,.
In this case () is a suffix of both bridges B; and B’j. Finally, in the third case
7(x) # 7(y). In this bridge B; is identical to B;. Indeed, in this case () is a
prefix of both B; and B;, while y(y) is a suffix of both B; and B;.

Step 2. We show that B = {B,Bs,...,B;} can be partitioned into subsets
m = {S;} such that: (i) For each subset S; it either holds that any two bridges
in S; share a prefix or any two bridges in S; share a suffix. Further, any edge
e € E" belongs to bridges of at most four different subsets of 7.

We construct the 7 = {S;} through the following partitioning procedure.
The procedure uses an undirected auxiliary graph G'(V’, E’), described below.
The vertices V' of G’ correspond to the nodes of the primary path P and the
edges E' of G’ correspond to the bridges in B. Specifically, for each bridge B; =
{8i,...,t;} € B we add an edge between s; and ¢; in G’. In the full version of
this paper we prove that the subgraph G induced by edges in E”, and, in turn,
the auxiliary graph G’ do not contain cycles.

The procedure includes the following steps for each connected component G/,
of G':

1. Select a node v € G and find an orientation of edges in G} such that the
—
resulting graph G is a directed tree rooted at v;

2. For each node u € G, create two subsets S! and S2 in the partition 7. Both
subsets include bridges of B that correspond to edges incident to u. The first
subset includes bridges for which u is the starting node, while the second set
includes bridges for which u is the end node.

Lemma 3. Let e be an edge in E™ and let S be a set of bridges in B that include
e. Then, the bridges of S belong to at most four different subsets of .

Step 3. Let 7 = {S,} be a partition of B that satisfies the conditions of Step
2. Also, let S; € 7 be a set of bridges such that all bridges in S; share a prefix.
We begin by removing from S; all redundant bridges. A bridge B € S; is said to
be redundant if all edges in ¢(B) can be protected by other bridges in S;.

We denote by E(S;) = {e € B |B € S;} the set of edges that belong to

bridges in S; and show that there exists a set of bridges S; that satisfies the
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following conditions: (i) E(S;) € E(S;), where E(S;) = {e € B |B € §;}; (ii)
Each edge (v;—1,v;) € P protected by a bridge in S; is protected by a bridge in
S;; (i) Each edge e € E(S;) belongs to at most 2logn bridges of S;.

We denote by s’ the starting node of all bridges in S; and by T' = {t/} the
set of end nodes of bridges in S;, such that ! is a predecessor of node t/ in
P. For each 4,1 < j < T, we denote by B’ the bridge in S; with end node #/.
We also denote by G’ the subgraph of G induced by E(S;). Note that G’ is a
subgraph of G" (recall that G” is a subgraph of G induced by edges in E"). Since
G" does not contain a cycle, G’ is a tree. In addition, we denote by I" the set of
edges in P protected by bridges in S;, i.e., I' = Ugesicp(lg). We partition I" to
|T'| subsets I7,..., Iy such that subset I include edges in I" located between
nodes s’ and ¢! and a subset I'; includes edges of I" located between nodes 71
and t/ in T.

Lemma 4.

1. For each j,1 < j < T, it holds that bridge B’ can protect all edges in I},
i, mineeps w(e) > max(y, ) fva1,0.) ‘

2. Let P be a path in G’ between t* and t7, where t* is a predecessor of t7 in
P. Then, P is a bridge that can protect all edges in I, i.e., mineecp w(e) >

MAX (4, 1 0,)el; J(va_1,00)-

We are ready to describe a procedure that constructs the set of bridges S;.
The procedure includes the following steps.

1. For each B; € S; set ¢(Bj) = I};.
2. While §; is not empty, perform the following operations:

(a) Denote by FE(S;) the set of edges that belong to bridges in S;, i.e.,
E(S;) = {e€ B| B € S;}. Denote by G’ the subgraph of G" induced by
edges in E(S;).

(b) Identify an Euler tour W = {s’,...,s'} in G'.

(c) Break W into paths {Py} by cutting W at nodes s and t;, € T.

(d) Denote by s the starting node of P and by ¢, the end node of Py, such
that sj is a predecessor of t; in P.

(e) For each path Py, = {si,...,t;} for which there is a bridge B/ =
{s',...,t7} € S; with the same end node (i.e., t, = t/), perform the
following operations:

i. Add Py into S; and set p(P¥) = ¢(B7).
ii. Remove BJ from S;.

Fig. 5 demonstrates a single iteration of the procedure. A set of bridges
that share a common prefix is depicted in Fig. 5(a). An Euler tour W on G’ is
depicted in Fig. 5(b). We break W into four paths, two of which are added to
S;, as depicted in Fig. 5(c).

Theorem 5. The set of bridges S; satisfies the following conditions: (i) E(S;) C
E(S;), where E(S;) = {e € B |B € §;}; (i) Each edge (vi—1,v;) € P protected
by a bridge in S; is protected by a bridge in S;; (iii) Each edge e € E(S;) belongs
to at most 2logn bridges of S;.
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Fig.5. (a) A set S; of bridges that share a common prefix (b) An Euler tour on G’ (c)
Two new bridges are added to S’l

The case in which all bridges in S; have a common suffix can be proven by
using similar arguments.

4 Approximation Algorithm for Problem BA

4.1 Locally Optimal Restoration Topologies

In this section we present an approximation algorithm for Problem BA. We
begin by defining the notion of the local cost of a restoration topology.

Definition 1 (Local Cost). Let R = {B, E", p,w} be a restoration topology
for P. The local cost C*(B) of a bridge B € B is defined to be the sum of local
costs incurred at its edges, i.c., C*(B) = Y. cpce(w(e)). The local cost of a
restoration topology is defined to be the sum of the local costs of its bridges:

C*(R)=) C(B)= > celwle)). (3)

BeB BeBeceB

Definition 2 (Partial Restoration Topology). Let P be a subpath of the
primary path P. A restoration topology R = {B,E",p,w} is referred to as a
partial restoration topology for P if each edge in P is protected by a bridge
B € R. The backup allocations w(e) on each edge e € E" must satisfy the
conditions of (2).

We say that a partial restoration topology R for P a is locally optimal if its
local cost is less than or equal to the local cost of any other partial restoration
topology R for P. The minimum cost of a locally optimal restoration topology
for P is denoted by OPT*(P). From Theorem 1 it follows that OPT*(P) <
8- OPTlogn, where n = |P|.

The next lemma establishes a hierarchical property of restoration topologies
with minimal local cost. This lemma allows us to use the methods of dynamic
programming in order to find restoration topologies of minimal local cost.

Lemma 6. Let P’ = {s',...,t'} be a subpath of the primary path P. Then one
of the following conditions hold:

1. Path P can be partitioned into edge-disjoint subpaths P', ..., P* such that
OPT*(P') = i, OPT*(PY);
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2. The are exist edge-disjoint subpaths P',...,P* of P', a bridge B =
{¢/,...,t'} € G\ P, and a value ¢, such that:
(a) ¢ is the mazimum value f(,,_, .,y of an edge (vi_1,v;) € P’ that does not
belong to paths P, ... PF;
(b) B={s,...,t'} is a minimum cost path between s’ and t' with respect to
the cost Y, g ce(C);
(c) OPT*(P') = 321, OPT*(P?) + T cel(€)-

The hierarchical property allows us to efficiently find an optimal restoration
topology R by using the methods and tools of dynamic programming.

4.2 Dynamic Programming Algorithm

The algorithm exploits the hierarchical property of locally optimal restoration
topologies, established by Lemma 6. The algorithm begins with the subpaths of
P that include a single edge and computes for each subpath an optimal restora-
tion topology that protects it. Then, it computes locally optimal restoration
topologies for all subpaths of length 2, 3 and so on, until the locally optimal
restoration topology for the entire primary path is found. The order of pro-
cessing the subpaths of P by the algorithm ensures that when the algorithm
computes an optimal restoration topology for a subpath of length i, it already
has available the optimal restoration topologies for all subpaths of length smaller
than i.

We observe that optimal restoration topology for a subpath of length 1 in-
cludes a single bridge, which is easy to identify. Indeed, let P be a subpath that
includes a single edge (v;—1,v;). Note that each edge e of bridge B must be
allocated f(,,_, v, units of backup bandwidth. Thus, to find a locally optimal

bridge that protects (v;—1,v;) we compute a shortest path in G\ P with respect
to edge costs ce(f(, ,,0,)) between s; and ¢;, where s; is a predecessor of v; 1
in P and t; is a successor of node v; in P. Such a path can be computed by a
single invocation of a shortest path algorithm such as Dijkstra’s algorithm.

For a subpath P of P of length more than 1, we need to consider two possible
cases, described in Lemma 6. For the first case, we need to determine a partition
P',...,P* of P such that total cost of restoration topologies R',... , R” is
minimal, where R’ is a locally optimal restoration topology that protect P?.
Note that the optimal restoration topologies R', ..., RF are already computed
by the algorithm. Such an optimal partition can be determined by using the
auxiliary graph G , that includes, for each subpath F,, ) of P, an edge (v, v5),
whose cost is equal to the cost of the locally optimal restoration topology that
protects Py, ;). Then, we compute a shortest path between the source node
and the destination node of P and identify an optimal restoration topology for
P by taking the union of all restoration topologies that correspond to the edges
of the shortest path.

The second case is more complicated, as we need to determine a bridge B and
several restoration topologies R, ..., Ry that protect the edges of P. The key
step is to determine the amount of backup bandwidth ¢ that must be reserved
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on edges of B. Indeed, if ¢ is known, then we can easily determine B (in a
manner similar to the case in which the subpath P includes a single edge) and
the edges of P that are protected by B (edges (v;_1,v;) for which it holds that
Jwi_1,0) < ¢). Then, we can identify restoration topologies that protect all other

edges of P (not protected by B) by using the same technique as in the first case.

In order to determine ¢ we use the following observation. We observe that ¢
must be equal to f(,, , ., for some of edges in the P. Thus, the optimal value
of ¢ can be found by performing the following exhaustive search: for each value
of ¢ from the set {f(,_, ) | (vi—1,v;) € P} we compute the optimal restora-
tion topology and choose ¢ for which the local cost of a restoration topology is
minimal.

Theorem 7. Given a primary path ]5, the algorithm above identifies, in
O3 (|E| + |[V]1log|V])) time, a solution to Problem BA whose cost is at most
8logn times more than the optimum.
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